Blow-up conditions for gravity water-waves

Thibault de Poyferré*

Abstract

We exhibit blow-up conditions for the gravity water-waves equations in any dimension
and in domains with arbitrary bottoms. We follow the method by Alazard, Burq and Zuily
of using a paradifferential reduction of the equations and derive precise a priori Sobolev
estimates. Those estimates are then used to prove three different blow-up conditions
where neither the boundedness of the curvature of the surface nor the boundedness in
time of the Lipschitz norm of the velocity are needed.

1 Introduction

In this paper, we derive a blow-up criterion for the water-waves system, without surface tension
and with arbitrary bottom. The water-waves problem is the study of the motion under the
influence of gravity of a homogeneous, inviscid fluid, typically water, inside a laterally infinite
container, and separated from the atmosphere by a free interface.

We will assume the presence of a constant gravity field acting along the e, axis, distinguishing
it from the horizontal plane. This horizontal plane will be of dimension d > 1, with in
applications d = 1 or 2. Positions will be expressed in coordinates (x,y) € R? x R. We
write V. =V, = (0g,,...,0s,) and Vg = (Vy, dy).

At each time t € R, the fluid will occupy a domain €(¢). We suppose that the free surface,
which will be denoted X(t) is the graph of a continuous function y = n(t, ) representing the
variation of the water surface from its rest level. In order to account for a wide variety of
bottoms, we will consider a simply connected open subset @ of R, such that

Q) = {(m,y) eRIxR; (1,y) € O,y < T](t,x)}.

We suppose that there exists A > 0 such that, for all times, the domain €)(¢) contains a
horizontal strip of width h,

(1.1) Qn(t) == {(x,y) eRYx R; nt,x) —h <y < nlt, 3:)} C Q(t).

This means that the bottom, denoted by I', is nowhere emerging (which precludes islands and
beaches).
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The velocity v(t,z,y) € R4 of the fluid occupying Q(t) follows the incompressible Euler
equations

(1.2) { O+ (- V) v+ Vi P = —gey,

divg v =0,

where g is the acceleration of gravity, supposed constant and positive, and where P(t,z,y) € R
is the pressure of the fluid. It is customary in oceanography to impose in addition for the fluid
to be curl-free, so that rot, , v =0 in (¢).

In addition, we need to impose boundary conditions on (¢) and I'. First there are the
kinematic conditions that the fluid does not cross or leaves those boundaries, so that

(1.3) v-n=0 onl,

(1.4) om=\/1+|Vy’v-v onx,

where n and v(t) are the the exterior unit normals respectively to I" and X(¢). At last there is
a dynamic boundary condition on the pressure. We suppose that there is no surface tension at
the surface, which implies that there is no pressure jump between the fluid and the atmosphere.
We assume this atmospheric pressure to be constant, and we can change the definition of P
by an additive constant to take Pay, = 0. Then

Ply=y = 0.

Remartk. e By imposing for the surface X(¢) to be a graph, we implicitly assumed that
our solutions will blow up when this ceases to be the case. It has been proved by
Castro, Cordoba, Fefferman, Gancedo and Gémez-Serrano [8] (see also Coutand-Shkoller
[12]) that some cases of a non-graph smooth surface can evolve to a self-intersecting
surface, the so-called splash singularities, where this physical model does not make sense
anymore. This shows that any study of blow-up without the graph hypothesis should
involve some geometric quantities.

e The curl-free hypothesis is a good approximation for most deep-ocean applications,
however it ceases to apply near a cost or when we take the Coriolis effect into account.
See Castro and Lannes (]|9]) for a formulation and some results with vorticity.

e Since I' is not always smooth, its normal may not be defined. We will later give a
variational meaning to this condition, coinciding with the strong sense when the normal
exists.

For more on those hypotheses and on this model see the book by Lannes [19].

Now from the simple connectedness of O, and therefore of €(t), and because div,,v = 0
and rot, , v = 0, we see that there exists a scalar function ¢ defined on the fluid domain such
that

Vey®=v in (),
Agy¢ =0 in Q.



Now the Euler equation (1.2) and the boundary conditions (1.3) and (1.4) can be recast
for this velocity potential, becoming —up to a harmless change of the definition of ¢ by a
time-dependent constant— the Bernoulli formulation

1 .
ord + 3 \Veyd|® + gy = —P in Qt),

(1.5) O =0y¢—Vn-V¢ on X(t),
Ond=0 onl,
P =0 on X(t).

The Cauchy problem for this system has been widely studied, starting from the works of
Nalimov (|21]), Shinbrot ([22]), Yosihara (|27]) and Craig ([13]). The first results for Sobolev
spaces and without smallness assumptions are due to Wu ([25, 26]). A recent extension with
rougher data, essentially Holder with exponent 3/2 has been proposed by Alazard, Burq
and Zuily in [4], with another extension using Strichartz estimates in [5]. More Recently,
Kinsley and Wu have obtained in [17] a priori estimates covering the case with angled crests.
The next natural objective is to find a blow-up criterion for the system. Christodoulou and
Lindblad ([11]) proved such a criterion involving geometric quantities for the case without
bottom. They showed that the solutions can be extended as long as the curvature of the surface
and the derivative of the velocity remain bounded. More recently, Wang and Zhang (|24]) used
some of the methods of [4] to prove that as long as

T
P / I(VV, VB[S dt
0<t<T 0

is bounded, the solution can be extended after the time 7. Here & is the curvature of ¥, V
and B are respectively the horizontal and vertical traces of the velocity v at ¥ and p > 2d.
We will prove three blow-up criterions which extend this result. The results proved in this
paper involve less regular norms of the free surface and are valid for the case with rough
bottom. More importantly, we will prove two results which involve only L' norms in time
of the highest-order norms. Notice that one of the results below (see Theorem 1.4) is used
in [5](see Section 5.4) to deduce an existence result from a priori Sobolev and Strichartz
estimates. Since Strichartz estimates involve L? norms in time (in dimension d > 2), it is
crucial to have a blow-up result which involves only LP norms for p < 2. In this direction, we
will obtain sharp results involving only L' norms (see Theorem 1.3 and Theorem 1.4). In the
case of 2D water-waves (d = 1), Hunter, Ifrim and Tataru have obtained in [16] a blow-up
criterion in holomorphic coordinates, corresponding to ours but sharpened to BMO norms
instead of Holder norms in space.

An important quantity appears in the analysis of the system (1.5), the so-called Rayleigh-
Taylor coefficient
a = —0yPly—y.

In order to solve the Cauchy problem, we need to make a positivity hypothesis on a. One
of the important contributions of Wu’s articles |25, 26| is that this condition is always true
when the depth is infinite, which corresponds to the case I' = (). Lannes then proved the same
result for a small regular perturbation of a flat bottom ([18]).



Inspired by Craig [13] and Lannes [18], we will use the eulerian formulation of the equations
in connection with elliptic estimates and microlocal or harmonic analysis. In particular, we
use the Craig-Sulem-Zakharov formulation of the equations (|14, 28|). Notice that since the
potential ¢ is harmonic, it is entirely determined by its value at the surface. We define

P(t,x) = oL, z,1(x)).

The equation can then be recast in terms of 7 and ¢, which are functions defined on R
In order to simplify the presentation, Craig and Sulem introduced the use of the Dirichlet-
Neumann operator in [14]. This operator is defined as associating to a function defined on X
the exterior normal of its harmonic extension to €2(¢). Here for convenience we re-normalize

it to get
G = 1+ [Vn[* 0=,

With this operator, we get a closed system of equations, known as the Craig-Sulem-Zakharov
System

O — Gy =0,
(1.6) Loy LV Vi + Gmw)’
oY +gn+ - |VY|" — 2 =
)+ gn 5 VY| 5 L+ (Vi
Remartk. e Under this formulation, the system is Hamiltonian. This is what motivated

the original idea of Zakharov. The Hamiltonian is

(1.7 3 | vemvdess [ s,

and is conserved by the evolution (see e.g. [19]).

e The formal equivalence of this system to the original one is clear and we refer to [3] for
a rigorous proof.

This work is based upon the paper |4] by Alazard, Burq and Zuily. To recall their main result,
we introduce the vertical and horizontal parts of the velocity at the surface,

B = (0y9)ly=n, V = (Vad)ly=n-
Those quantities can be computed from knowing only 1 and . Then

Theorem 1.1 (Theorem 2.1 of [4]). Let d > 1, s > 1+ d/2 and consider (no, o) such that

1o € HA(RY), o € H2(RY), Vo HY(RY), By e H*(RY),
2. there is h > 0 such that condition (1.1) holds for t =0,

3. there is a positive constant ¢ such that, for any x € R, ap(x) > c.

Then there exists T > 0 such that the Cauchy problem for (1.6) with initial data (no,o) has
a unique solution (n,) in C° ([O,T]; Hs+%(Rd) X HS+%(Rd)), such that



1. we have (V, B) € C° (0, T]; H*(R%) x H*(R%)),
2. the condition (1.1) holds for 0 <t < T, with h replaced by h/2,

3. for any 0 <t < T and any x € RY, a(t,z) > ¢/2.

The proof of this theorem relies on paradifferential calculus to reduce the equations to a quasi-
linear system, and then use classical energy methods for hyperbolic symmetrizable quasi-linear
systems. Some notions about paradifferential calculus are recalled in appendix A. It has
the advantage of yielding tame estimates of the various nonlinearities, meaning that those
estimates are linear with respect to the higher order norm. This will enable us to derive new
a priori energy estimates for the paradifferential reduction of the system, from which we will
derive a blow-up criterion complementing Theorem 1.1.

Our main result will be derived in three different flavors, which we believe are all equally
interesting. The first one controls the dynamic using only Hélder norms of the quantities.

Theorem 1.2. Letd > 1, s > 1+d/2, e > 0 and consider (no, o) satisfying the assumptions
of Theorem 1.1. If T is the mazimum existence time of the solution given by this theorem,
then either T = +o0o or one of the following quantities is infinite

1
® SUPo<t<T R(1)>

1
® SUPo<t<T c(py>

supg< i< 1) Iy 1400 ey 5

supg< i< [(V, B) ()l yy2.00 ey »

SUPo<t<T Ha(t)HWE’OO(Rd) )

1@+ V - Va) ()| ey dt,

Jo Tl 3 e g 2
T
Jo 1o dt,

1
W2 (R%)

o Jo IV, BY®)I[yrse gy dt.

Here h(t) is the largest h satisfying condition (1.3) at time t and c(t) the largest ¢ such
that a(t,z) > ¢ for all z € R%.

Before introducing the second criterion, we observe that in the case where the domain is
infinitely deep (that is I' = (), the equation enjoys a scaling invariance. The critical space
corresponds to the index s = d/2+ 1/2. We expect to find a better criterion by authorizing a
control of a Sobolev norm of a fixed reference index sg close to the scaling. This corresponds
to our second result



Theorem 1.3. Letd>1, s >1+4+d/2, s >s9>1/24+d/2 and so —1/2—d/2 > e >0, and
consider (1o, o) satisfying the assumptions of Theorem 1.1. If T is the mazimum ezistence
time of the solution given by this theorem, then either T = +oo or one of the following
quantities is infinite

1
® SUPo<t<T R(1)>

1
® SUPo<t<T ¢y

® SUPg<t<T || (77¢ "/}7 ‘/a B)(t) HHSO-',-% (Rd)XHSO+% (R)x H*0 (R%) x H*0 (R%) y

® SUPo<t<T Ha(t)HWE»OO(Rd) )

T

o fo 1@a+V-Va)t)ll o gay dt,
T

o Jo Na(®)ly b o 0
T

o Jo IV 3 o gy -

o Jo IV.B)YO)llyreeoqme) .

Here h(t) is the largest h satisfying condition (1.3) at time t and c(t) the largest ¢ such
that a(t,z) > ¢ for all z € R%.

Here the main improvement to the preceding theorem is that we only need to control the
L'-norm in time of the higher order quantities, rather than L3 norms. The proofs of those
two theorems will be parallel, however one can not be deduced from the other.

The last criterion is a simplification of the preceding one, and is the most compact of the
three. It trades a higher reference Sobolev index so > 3/4 + d/2 against control of the Taylor
coefficient.

Theorem 1.4. Letd>1,s >1+d/2, s > sp > 3/4+d/2 and 1/4 > ¢ > 0, and consider
(no, o) satisfying the assumptions of Theorem 1.1. If T is the mazimum existence time of
the solution given by this theorem, then either T = 400 or one of the following quantities is
infinite

1

® SUPo<t<T R(1)>

1
® SUPo<t<T ¢(py»

Sup0§t<T ” (777 1/]7 V7 B)(t) HHSO+% (Rd)XHSOJr% (Rd)xHSO (Rd)XHSO (Rd) )

T
S I3 gy

T
b fO H(‘/’? B)(t)le-‘—e,oo(Rd) dt



Here h(t) is the largest h satisfying condition (1.3) at time t and c(t) the largest ¢ such
that a(t,z) > ¢ for all z € R%.

Let us explain why the index 3/4 4 d/2 enters into the analysis. As already mentioned, in the
recent paper [5|, Alazard, Burq and Zuily used Strichartz estimates to deduce existence for
data with regularity associated to s = 11/12 4+ d/2. The theoretical limit of this method is
at s > 3/4 + d/2 for d = 2 (since Strichartz estimate gains only 1/4 derivative), and even for
such solutions we expect the quantities in this last theorem to be finite on the existence time
interval. This would not be the case of the quantities supg<y<r [[7(t) || y2.00 (g, corresponding

to the curvature of the surface, or f(;[ |(V, B)(t)HIg/Vlﬁ,oo(Rd) dt, since solutions can be found
for which those quantities would be infinite.

Section 2 will start with a rigorous definition of the harmonic extension ¢ and of the Dirichlet-
Neumann, adapted to the case with rough bottom. It also contains in subsection 2.2 a maxi-
mum principle adapted to this framework, that we believe is of independent interest and ends
with results on the elliptic regularity of this problem and their uses to control the Dirichlet-
Neumann. In section 3 we will perform the reduction of the system to a symmetric quasilinear
hyperbolic equation. This imposes to change the variables we work with; in section 4 we will
construct a parametrix to control the new variables with the originals. Section 5 contains
the a priori energy estimates of the new system, and section 6 completes the proofs of the
theorems. Appendix A recalls some notions on paradifferential calculus, the main technical

tool of this analysis.

2 Elliptic Regularity

Following the general strategy of [4], the first step of the proof is to estimate solutions of
the Laplace equation near the free surface. The method is essentially the same, but we look
for tame estimates whose constants depend on the Hdélder norm of the surface rather than
on its Sobolev norm. This requires some new techniques, and in particular we shall prove a
maximum principle adapted to this setting. This analysis being valid at fixed time, we will
drop the dependence in t for this whole section.

2.1 Variational solution

We have to give a suitable sense to quantities defined in €2, from data defined only on the free
surface. Here, we recall this construction.
Those quantities need to be, in a suitable sense, solutions of

(2.1) Apyv=0, vy =Ff Oyvlr=0.
This definition will come from variational theory.

Notation 2.1. Let D be the space of functions u € C*°(2) such that V, ,u € L*(Q).
Let then Dy be the subspace of D whose elements are equal to 0 near the top boundary .



Proposition 2.2. (/2, Proposition 2.2]) There ezists a positive weight g € L5 .(S2), equal to

loc

1 near the top boundary of 2, and a constant C > 0 such that for all u € Dy,

/Q g(e,y)u(z, y)? dz dy < C /ﬂ Ve, y)|? dz dy.
Definition 2.3. Let H'? be the space of functions u on € such that there exists a se-
quence (Un)neN, With u, € Dy, satisfying

Veytn — Veyuin L2(Q, dedy), w, — uin L*(Q, g(z,y) dz dy).

We see from Proposition 2.2 that #'Y can be equipped with the norm

[ull30 = Ve yull 2 -

As seen in 2], it is a Hilbert space. By regularizing the function 7, we can construct 7, €
C°(R?) such that 1 — h/20 > 7. and

{(:x,y) eRIX Rymu(z) <y < 7](:1:)} c Q.

Recall that O denotes the fixed container in which the fluid is located.

Definition 2.4. We denote by H!(O) the space of functions @ on O such that there exists a
sequence (u,) € C*°(0O) such that

Vi ytn — Vgt in LX(0, dzdy), wu, — @ in L*(O, j(z,y) dzdy),
where ¢ is the extension of g by 1 to O.

Lemma 2.5. Let w be measurable on 2. Then w € HY°(Q) if and only if the zero extension
of w to O is in H(O).

Proof. We follow the proof for the classical Sobolev setting, found for example in [1]. It is

e

routine to show that V, yw = V, ,w, from which the direct part is immediate.

For the indirect part, suppose w € H!'(O). Now we can cover Q with V; which does not
intersect ¥ and V7 which does not intersect I'. Then using a partition of unity, we can split
w between wg supported in Vg, which by definition is already in H'?(2), and w; supported

in V1. Then we consider w1 (z,y + t), which is in H1%(Q) and converge to w; as t goes to 07,
since the translation in L? is continuous. This proves that wso, and then w is in #0(Q2). O

Let f € H/?(R%). We define 1 an H' lifting of f in Q. Let xo(z) € C®(R) be such that
Xo(z) =11if z > —1/2 and xo(z) =0if z < —1. Set

U1 (x, 2) = xo(2)e?Pel f(a), 2 e RY, 2 < 0.
Then set

vy =in (021 @ e



which is well defined and vanishes near the bottom I'.

>From the usual properties of the Poisson kernel, we have

1l ) < F (Hnuwlm(m)) TP
and
‘WHLOO(Q) < HfHLoo(Rd) .

We can now use this framework to define v € H'C as a variational solution of the problem

_A%yu = Am,ywv U‘Z = 0, 8nU|F = 0.
We then define

(2.2) vi=u+ 1.

We see from lemma 3.5 of [4] that this is independent of the lifting function ¢ vanishing near
the bottom and we freely get the estimate

/Q‘V:v,y”P dedy < F <”77HW17°°(Rd)> HfH}quﬂ(Rd) .

2.2 Maximum principle

In studying equation (2.1) we will need a weak maximum principle adapted to our variational
formulation. Adapting the proof from [23], we get the following comparison principle.

Proposition 2.6. If ¢ is a weakly differentiable function such that:

1. ¢F = max(¢,0) € H"O;
2. JoVayd - Vayodady <0 for allo >0 in HY;

then ¢ < 0 in €.

Remark. Condition 1 is the adapted way to say that ¢|sx < 0 for the variational space H!.
Proof. Since ¢ >0, and ¢t € H'Y, we have from condition 2, taking o = ¢+

16+ 1500 = /Q Vg™ Vayd" dzdy <0
so that ¢ = 0, which is the desired conclusion. O

We can now extend this comparison principle to get the following maximum principle.



Proposition 2.7. Let n € Wh°(R%), f € HY/2(RY). If v is the solution of Laplace equation
defined in (2.2), and if f is bounded, then

||U||Loo(Q) < HfHLOO(Rd) .

Proof. Keeping in mind the preceding theorem, the only thing we need to prove is that (v —
(1+¢) HfHLoo(Rd))+ € H"0. Replacing v with —v and letting £ go to 0% will then complete
the proof.

To prove this claim, we will use Lemma 2.5. Since v € H10(Q), the zero extension v is

in #'(O). As in subsection 2.1, we can extend f to O using the Poisson kernel e#*(P=). This
~ ~ +

extension f is bounded by (1 +¢) || f|| ~ (see Lemma 2.9), so that (5—!— f—(1+e¢) ||f||Loo>

is in H!'(O) by elementary properties of this space, is zero on O \ T, and so by Lemma 2.5

(547 ) Il € M), 0

We will mainly use the following classical consequence of the maximum principle:

Proposition 2.8. If 0 < b/ < h, and Qi = {(z,y) € RY x R,n(z) — h' <y < n(x)}, there
exists a constant Cyp > 0 such that if f € C't¢(RY) N H%(Rd) and v is a variational solution
of (2.1),

H1)H01+5(Qh/) < Ch’ HfHCH‘E(Rd) .

Proof. Noticing that v is an H! variational solution of A, ,v = 0 in €, Corollary 8.36 of [15]
gives this on compact sub-domains of €25/, and the constant being uniform, we can deduce the
result on the full . O

2.3 Straightening the boundary

In order to study further regularity of those solutions, it is convenient to straighten the domain,
transforming an equation with constant coefficients on a variable domain to an equation with
variable coefficients on a fixed domain. As seen in [4], there exists a function 7, such that
h 00 d
M + Z €H (R )a
2.3 h h
(2:3) 1@) =) =7+ gl < 5
I {(z,y) € Oy <mu(a)}

We can take for example

h
() = 1t
where v > 0 is such that v [[n][y1.00 gy < b
This gives

9

h
— _V<Dz> _ —
190l Loo (may = He n ”“Lw(Rd) < vnllwioomay < 5

thanks to the following classical lemma.

10



Lemma 2.9. Let f € WY°(R%), ¢ >0, and t > 0. Then e ®"P=) f ¢ L°(RY) and

He*bt(Dﬁf - fHLOO(Rd) < O bt [ flypre ety -

with C > 0 a constant.

Now define
O = {(z,y: 2 € R n(z) <y < nla)},
Qo :={(z,y) € O:y <nu(x)},
Q:=QUQo,

and

Q= {(z,2):ze R zeI}, I=(-1,0),
?22 = {(LE,Z) € Rd X (7007 *1] : (55,2 +1 +77*('1:)) € QQ})
Q:=0,UQ,.

Following Lannes ([18]), we consider the map p from Q to R? defined as

{MLazu+aéﬂmmm—mmwiuaaeﬁh

(2.4) 7
p(z,z) ==z4+ 14+ n(x) if (z,2) € Q,

with & = 6([|nl[ 1,00 gey) > 0 small.

which, taking § small enough, gives

Using lemma 2.9, we have

h
~ <dC HW”WLOO(Rd) + 5’
Lee (1)

h

h
0,p(x,z) > min (1, 5) , Y(x,2) €Q,

va,szLoo(ﬁ) <F (Hn”wlvm(Rd)) :

This proves that the map (z, z) — (z, p(z, 2)) is a C'-diffeomorphism from € to €.
Lemma 2.10. Let I = [—1,0]. We have in Sobolev-type spaces, for any o > 1/2+d/2,

h
[ R L S (P [ ey
(2.5) o
: h
82 - Vx - = ¢ .
‘ ) n Ll([;H”—%(Rd))—i_ | P||L1(1;HU %(Rd)) H77HH0+%(Rd)

With 0 < r < 1/2, we have in Holder-type spaces

h
P = + 1¥pllcorenmay < F (Il ) Inllererge -
4 CO(I;C:(Rd)) COUL;Cy (RY)) ( w (R )) CitT(RY)
h
(2.6) _n - T
8zp 4 [~/2([;C§+T(Rd)) + vapHZZ([;C*%+r(Rd)) >~ C[H’l’]HLQ(Rd) + H?’]”CiJr (Rd)]’

2
HVz,zPH£2(I;C;%+T(Rd)) < C[||n||L2(Rd) + "n“ci+r(Rd)]

11



Proof. (2.5) is proved in [4], and the first part of (2.6) is a straightforward consequence
of Lemma 2.9. The second part of (2.6) will be proved with Littlewood-Paley decomposi-
tion, following [24]. We have Hpr|]£2(I;C§+T(Rd)) < H<Dw>p”i2(I;C§+T(Rd))’ so that we only

need to control this last norm. We can split (D,)p in two parts, (1 + 2)e?*P=)(D,)n and
—ze v P2) (D, \n, whose norms will be respectively A and B. For the first part, we have

A <sup2/ 34 [ 2,650 (D, )y | 202D, )|
N jglo) i€ 2 L2(I;L>(R%)) |50 oI LY.L= (RD)
<C 9 (3+7) || pcd227 . H 6z(Dz) A ’
< Csup | oy 189N e ety + B0 emey
< Cigg 2(147) (AN R4+ ||A077HL2 R%) s

where we have used extensively Bernstein estimates (A.15) and the smoothing effect (A.16).
The same method applies for B, taking z = —1 and bounding e~*?" by 1/27. This gives the
expected result, and computations for 9,p — h/4 and the second-order terms are identical. [J

Now for a function v defined on 2, put

(z, z) :=v(x, p(z, 2)).
We then have
(ayv)(ma p(m, Z)) = Alﬁ(fb, Z)a (va)(x, p(a:, Z)) = AQ’E(w’ Z)’
(2.7) 1 Vb g

A= —8., Ayi=V, — Py,
YT 0 2 8.p

If v is a solution of A, v = Fp in  then v satisfies

(A2 4+A)o=F inQ.

This equation can be expanded to

(02 + alg + B+ V0. — 0.0 = Fy,

(2.8) (0.9 He=0)=1,
0:p 0:pVyp Lo
== = 2= = 0 A, - Vz0.p).
L+ [Vepl?’ g AR azp( 2t 08t p ?)

We also remark that

(A2 +A3Hp=0 inQ,

and that
[A1, As] = 0.

We now derive some estimates on the new coeflicients.

12



Lemma 2.11. Let I = [—1,0]. We have for o >1/2+d/2

h2
(2.9) cdeWﬁméf@WmeJWMme’
(2.10) 181 o3, 1y < F (Il oy ) 1l o3 -
(2.11) 17l o-3 gy < F (Il ) 2+ I o4 )]

and for any 0 < r < 1/2, we have

2.12) ot F (Il Il

. - — < 1,00 (Rd Lhr dy
16 lco(rormey) R

.13 o ey < F (Il gen) Illssr sy -

Proof. We see from (2.5) that we can write

h?
(0:) = 1o+ G with G ooy ) < Fllllyroeuen) 11l o) g
We can now decompose

h? b2 Vep|? Vepl?
7X‘I7P‘2+G_G|17p|2’
16 16 1+ |[Vap| 1+ |Vap)

and we use the tame estimates of (A.8) to conclude. The other inequalities are all proved with
the same method, using the other estimates of (2.5) and (2.6). O

2.4 Elliptic regularity in the new domain

We now study the new equation (2.8), following the method from [4], with tame estimates at
every step. Recall from (A.11) the definition of the spaces

XI(I) = L3(I H(RD) 0 LT H' 2 (R)),
YH(I) = LL(I; HY(RY) + L3(I; H* 3 (RY)).
We suppose ¥ to be a solution of (2.8) in I x R%, I = [—1,0] with the additional assumption

(2.14) < oo.

ol 3 1o

We know from [4] that this estimation holds for our variational solutions of (2.1), with

1903 gy < F (Illwnoe ey ) 113 -

The main result of the section will be stated in two versions, corresponding to our two main
theorems.
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Proposition 2.12. Let e >0, so > 1/2+d/2, and s > 1+ d/2. Let

<o<s—

l\’)\P—‘
N | =

Consider f € H*TY(RY), F € Y(I) and ¥ satisfying the hypothesis (2.14), solution to (2.8).
Then for any zp € (—1,0),

(215) Ve, 20l o (g0 < F <||77||(Ci+50L2)(Rd)> [HvfoH"(Rd) + HﬁDHYU I

+

Ve zUHLoo (IxR%) + HVx ZUHX*? ([-1 0])}

Hs+% (Rd) H

and
(2.16)

“v$’25“X”([20,0]) S -F (HUHHSOJr%(Rd)) |:HvacfHHrr(Rd) + HFOHY"(I) + HV%Z:J‘X%([LO])} .

Remark. The proof will show that the function F depends on zg and on ¢. On every applica-
tion, those parameters will be fixed, and independent of time.

As in [4], this will be proved by induction on the regularity o. The property that inequalities
(2.15) and (2.16) hold for o, for all admissible zy, will be denoted by H,. In this notation,
hypothesis (2.14) means that H_, /5 is satisfied.

Proposition 2.12 is then a consequence of

Proposition 2.13. For any 6 such that

1 d 1
0 J < inf )<=
< S 1 <5,30 9 2>_2,

if Ho is satisfied for some —1/2 <o < s—1/2 =0, then Hys is satisfied.

To prove this, we first estimate the lower order term.

Lemma 2.14. For all J C I,

(2.17)

1]y, < F Unlwrcnze) (1 Inllorea ) (1] 10:5 e gy + 19:5 0]
and
(218) 1]y < 7 (Il ) 10:00 0

with F~’1 = 7825
Proof. For the first inequality, we decompose ﬁl as

= 0% a 8U+Axp8 9.0 + V. 0.p 8ﬂ8v—A+B+C

14



We then use the paraproduct estimates (A.1), (A.4), and (A.5) to get

(U U p—

a
Xo 82,0

1 ~
< Hagp”ﬁ(ﬁ()“%) H@pazv 0,0

2
Lo (JxR) Ha»ZpHL?(J;HS*l) ’

and using the estimates (2.6) and tame estimates gives the majoration for A. Estimates
on B and C follows along the same lines. For the second one, paraproduct estimates give
immediately

10211 raessy < 10T g goehy I a0y

and using the estimate on v from Lemma 2.11 enable us to conclude. O

We now replace multiplication by « (resp. () with paramultiplication by T,, (resp. Tp).
Lemma 2.15. v satisfies the paradifferential equation
020 + To Ay + Ty - Vo0 = Fy + Fy + Fy,
for some remainder _
Fy= Ty —a)Ayv+ (T — B) - Vi0,0

satisfying for all J C I

152y, < F e en) (14 e ) 19t
or

HFV2HYU+5(J) = ]:(HUHHSO(Rd)) ”Vx,zm’XU(J) .

Proof. First, we have

~ h? . h? - ~
=T ,»2-a—— Ay — —(Th — 1)Av + (T — B) - V0,7,
T 16 16

which, according to (A.5) and (A.3) gives

h2
a — —

16

+1
12O+

+ Hvﬂcazanmoogl HBHLQHO'+5+%

|2],.0 < € 17l (

As o+ 0+ 1/2 <s, we have

2
o — —

e

18l ] 195
2

X5 X

Using the estimates (2.9) and (2.10) completes the proof of the first inequality.
Using again (A.5) and (A.3) gives

(g (o-55)) o

< 181y ([0 T

1 +1),
LiHo+3 L2H®0T3

15



and
(T = B) - Va0l 11 provs < CIIV2020N ;o 1 1Bl L2550 »

so that

|, =<c [1 + Va3l o -

o H 8

1
XS0~ X072

The estimates (2.9) and (2.10) enable us to conclude once again. O

We can now decouple the equation into a forward and a backward parabolic evolution equation.

Lemma 2.16. There exists two symbols a, A in TLR? x I) and a remainder Fs such that

(2.19) (8, — To) (0, — Ta)o = Fy + F1 + Fy + F3,
with
(2.20) MZ(a) + MZ(A) < F ([[nllypreo) Il e

and for all J C I
||

Proof. We see from [4] that this holds true with

yorsgy = T Unlwree) Illgzee Va2l xo )

(221)  a= (£~ VIalP — (5 67), A= g(~if-&+AalP — (5P

Using the Holder estimates (2.12) and (2.13) gives (2.20). A straightforward estimate of the
remainder along the lines of [4] ends the proof. O

Proof of Proposition 2.15. Still following [4], we apply proposition A.13 twice. We will prove
only inequality (2.15), since the proof of inequality (2.16) is along the same lines.

Suppose first that H, is satisfied. This means that for Jy = [(y, 0], we have

HV%Z:JHXU([CQ,OD <F (HUH(C}+EQL2)(RCZ)> |:”fHH"+1(Rd) + HF()’ Yo (I)

+||77||Hs+2 (R4) IV, 0| oo (IxRY) T HUHX’?([ 1,0])

We will then prove that, for any (; > (o, we have

19 By 0 < Flioasenaaymsy) |1 essssiun + ol

+ Va2l oo (rxraty + Va0l xo (g4) |

HS+% (Rd)

which will finish the proof of the proposition.

16



Take x a cutoff function such that x({y) = 0 and x(z) = 1 for z > (3. We then put
w = x(2)(0; — Ta)v. We see from (2.19) that

0,10 — Ty = F/,

with
F' = x(2)(Fo + Fi + F» + F3) + X'(2)(9. — Ta)0.

All those terms, the last one excepted, have already been estimated. Since § < 1/2, a simple
computation gives

10: = Ta)ollyosaguny < 10 = Ta)olxo iy < F (Inllwroe sy ) Il caee 192,80 o

where we have used the fact that A is a symbol of order 1, whose norm has already been
estimated in (2.20).

We see from the definition of a that it is elliptic, with an ellipticity constant depending only
on h. Since we have w|,—,, = 0, Proposition A.13 gives the estimate

~ Il
@l o5y < F (HWH01+8(R‘1)> HF ‘ Yo+s(Jo)

< ]'_(HUH(cﬁsmL?)(Rd)) [Hf()’

+ |l

Yo+é (JO)

e bty V¥l e ety + 1 VB o ]

where we have used the estimates from Lemma 2.14, 2.15 and 2.16. Notice that on J; := [(1, 0],
we have y = 1, so that
0,0 — Tav = w.

In fact, we have
0,V — Ty V0 = Vyw + Tvafﬁ.

Changing z to —z, and using again Proposition A.13, we have

Vel xoss () < F (||n||cl+E(Rd)) [Hvxanm(Rd) + Vo llyors s, + ||vx5|yXU(JO)} .

Since [|Vollyors ) < |0 xoss(,), We obtain the estimate

(222) HVI:JHXU'HS([CLO} S ./_" ("nH(CiJrEﬂLQ)(Rd)) |:”vszHo'+1+6(Rd) + HFO‘ YU+5(J0)

+ 7]l Hvxyz:JHLoo(ijd) + HV%Z:JHXU(JO)

H5+% (Rd)

The estimate for 0,v follows from 0,v = T4v + w, the estimate for w and the fact that A is
of order 1. This completes the proof of Proposition 2.13, and hence of Proposition 2.12. [

17



2.5 Applications

In this section we apply the previous elliptic estimates to study the Dirichlet-Neumann oper-
ator and its paralinearization.

Proposition 2.17. Letd > 1, s > 1+d/2, so > 1/2+d/2, and 1/2 < o0 < s+ 1/2. Then

IG) Fliges < F (Inllgree ) (1o + 0y 1,200 |

and
1G) Flges < F (Il gy ) 112

where v is the harmonic extension of f. We also have

IG) fll e < F Unllyroe) Ve 20l oo -

Remark. The term ||V, .v| ;o can generally be expressed only with terms defined on X, using
the maximum principle of Proposition 2.7 and its consequence, Proposition 2.8.

Proof. As seen in [4], the Dirichlet-Neumann can be expressed by

_ 1+ |Vipl®

(229 Glof =~

0,0 — Vzp - Vv
z=0

Now using Proposition 2.12, the estimates on p from (2.5), and the tame estimates (A.8), the

first two estimates of the proposition immediately follow. The last one is a straightforward
consequence of (2.23). O

We know from [4] that the Dirichlet-Neumann can be expressed as

(2.24) G(n) = Th+ R(n),
where
(2.25) Az, ) = /(L + [Fn(@)P) € — (Vi() - €)%,

and R(n) is a smoothing operator. Using tame estimates, we obtain

Proposition 2.18. Letd>1,s>1+d/2,0<e <& <1/2 and1/2 <0 <s+1/2. Then

VRO Al ggo-rver < F (Inllase ) (14 Wl gare ) 1o + Il ey 190,200 |

and if so > 1/2+d/2 and e’ < sp—d/2 —1/2,

VRO gro-sver < F (Il gy ) 111

18



Proof. As in the proof of Proposition 2.13, we use Proposition A.13 to get

100 = Ta)ollxo-see gy < F (H"7||01+E(Rd)) HFV/

ya—1+s’(J0)
Now since )
1 "
G f = M@v R VAP VAT :
8Zp z=0
we set N
1+ |V,
TS, ¥
14
According to (2.5),
(2:26) G-2 T lcall < F(|nllyre) I
. ) O(~1,0;H°" %) oropme2) = Mlwte0 ) 1M st § -

Let

R := (0.0 — (o - Vv — (T, 0,0 — T, V).
Using the tame estimates of (A.8), we verify that
VR Nl goggto- 1y < Flllllnce) [0:00 e Il -

Furthermore,
T, 0.0 — Tt 0pv|s=0 — (T, Tav — Ticygv) | =0 == R,

with

IR | ggomseer < F (Inllgrs= ) (14 Inllgaser ) [1f1lazo + Ml ey, 190 200 | -

Finally, we have
1Ty Tacs) = Termyae) oy pro—1ver < Fllnllwroo) Ill gaer

and hence
G(Tl)f = TC1AU - ECQ‘&’U | 2=0 + R(n)f:
where

IR [l gro—rser < Flllnllgaee) (L + Il gaver ) (1o + 101l iy Ve 20l |-

Let

_ L4100

A
0:p

—i0up- €| _y = /(1 +10m(@) PR — (an(a) - €)*.

Then
Gn)f =Tf+R(n)f,

which concludes the proof of the first inequality. The second one is proved along the same
lines. O
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3 Paralinearization of the system

We still follow [4] to reduce the equations to a paradiferential hyperbolic system. This process
yields remainders that we need to estimate. To simplify the expression of these estimates, we
will denote by K a constant of the form

1 1
KO =7 (5 5 sty DO+ sy« 10V Bl )

with F positive nondecreasing. It will appear in the proof of the first version of our main
theorem, Theorem 1.2, involving only Hoélder norms. For the proof of the second version,
Theorem 1.3, involving the reference Sobolev norm of index sgp > 1/2 + d/2, we will use a
constant

11
K()(t) = f <h7 27 Ha(t)”Wano(Rd) ’ ||(777 ¢7 V? B) (t)HHsowL%(Rd)XHSOJr%(Rd)XHsO(Rd)XHSO(Rd)> .

Using Sobolev embeddings, we see that we can take K < K.

We still denote by C' a generic constant. To get the optimal regularity, we need to change the
unknowns we are working with, using instead

C=Vn, B=0yoly=y, V =Vidly=y, a=—0yP|y=y,

where ¢ is the velocity potential and P the pressure, uniquely determined by the equation

1
—P =09+ 5 Vw8 + gy.

Those follow the following evolution equations.

Proposition 3.1. We have

(3.1) (04+V-V)B=a-—g,
. (8t+V'V)V:—CLC,
(3.3) (O +V-V)(=Gn)V +(Gn)B +1,

where the remainder v satisfies the estimates

B4 ey SE IV BNy gt 1y 10V B)lgase]
and
(3.5) Iy < Ko [1OVi B0 sy et eed] -

Proof. The first two equations are proved in [4]. For the estimations of v, we start from the
equation
on=B-V-Vn.

20



Differentiating this with respect to z; yields for i =1, ...,d

d
(O +V-V)oin=0:B - 0V;0n,
=1

and using the definitions of V and B and the chain rule,

(3.6) (0r +V - V) 0in = [0y0i¢ — V1 - VOiglly=y + 0in [0y(0y®) — V1 - VOy¢|[y=-

We now introduce 6;, the variational solution of the problem
Ax,yei =0in Q, 9z|2 == V:L 8,191 =0onl.

Then
G(n)V; = (0y0; — V- VO;)|x.

We can now write
(Oy — V?] . V) 8i¢|y:n = G(?])VZ + Ri, Where Ri = (Oy — V77 . V) (alqb — Qz)‘z

If there was no bottom, we would see that at least formally, R; would be 0. Then, in our
setting, we expect a control of this remainder, and to obtain it, we continue to follow [4] and
localize the problem near .

Let xo € C®(R), m1 € H*®(RY) be such that xo(z) = 1if 2 > 0, xo(z) = 0 if 2 < —1/4, and

”w) 3 <miz) < i) - &
Set
i) = xo (L) @0 - ) (o)
We see that

And U; satisfies the equation

AgyUi = |:Az,an0 <y—21(x)>] (0;0 — 0;) == F;

with
suppl; C S

11
2°5

:{wwwxeRﬂmm—Zgysmm—Z}

We can then control the right hand term of this equation, using lemma 3.16 of [4], which gives
for all & € N9+1,

Ul=

Then changing variables, we get on the domain Q that

~ 2 ~
(8? +aA+5-V0, — 782) U; = ((927/))2&
1+[Vp|
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We can then apply the estimate (2.15), with f = 0.

HV:E,zﬁi = E Vx,zﬁi

<KH

+ Hvx,z ﬁl
LOO

e
X2

Using equation 3.7, the control on the X =3 norm of a variational solution, and the maximum
principle for gradients of Proposition 2.8, this yields

N

CO([20,0;H°~ 2) ve

[V o gty < K MO BN g et gy NV Bl ]
Since )
1+ |Vn| ~
Ri=||—570-—V-V|UTl||l |
(1 +8(D.)n 1 .
we have

1l oy < B [IVBAO ey ot ogpess + Dl sy 1OV B
The same argument shows that
(0y —Vn-V)9y¢ = G(n)B + R,

where Ry satisfies the same estimate as R;. This proves the first estimate. The second one
follows exactly the same scheme, using (2.16) instead. O

Using the same method, and following proposition 4.5 of 4], it is possible to prove the following
relation.

Proposition 3.2. We have G(n)B = —divV + ', where

1y < K IV B sy et + Il ey IOV Bl
and

111y < Ko [I0V By, s ]

We will now perform a paralinearization of the system. We will start with the estimate for
the first theorem. We introduce as a new unknown

U = V + TcB .
Rather than estimating U and ¢ in Sobolev spaces, it will be easier to estimate

(3.8) Us := <D33>SV + TC<D:B>SB7
(3.9) Cs = (Dg)°C.

Proposition 3.3. We have

(3.10)

(at+TV : V) Us "‘TaCs - f17
(O +Tv - V) =ToUs + fo,

22



where A is the symbol

A(t2,€) 1= ¢ (14 1Vn(t,2)P) I¢l* = (Tn(t, @) - €,

and where
1fille < K { [uvmrc% IVBI__y + VBl + IVl | 1V
+ [+ el |16l
(3.11) el
+ [IVllgzes + 1V Bl e 1Bl g
+19ly la =gl 3
and
o1 fall, 3 <K [(1 + !!Vn!\0§> (1Bl g« + V]

+ (IBll s + 1Vllgaes ) Wl pesy + 0l peey |-

Proof. The computations are long, however they still mirror the ones of [4]. First we paralin-

earize the equation
0+ V- -V)V 4+a( =0.

We will prove the identity
O+ Ty -V)V+T,(+T: (0 + Ty -V)B =M

with a remainder h; satisfying

1Pl s < K HIVVl oo VIl + <1 + IIaHC;> 1€ yo—3 + IV Bl goo 1V [ 25

3
First we have V - VV =Ty - VV + Ay with
1ALl s S CUVVI oo V]I s -
We also have (a — )¢ = To—gC + T¢(a — g) + R(¢,a — g) where
IR(Ca=g)llgs < ClCH oy HQHC*% -
We can now replace a by g + (;B +V - VB) to get
Tea=T: (B +Ty - VB)+ T, (V —Ty) - VB,

with
1T (V =Tv) - VBl s <OV 1o VBl oo [V [| g -
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We then commute our identity with (D,)®. Using the product estimates of Theorem A.5
have the estimates

(3.13) 1Ty -V, (D) TV 2 < ClV oo [V |

(3.14) ITa, (D)} Clle < Cllall g lICh -3

(3.15)  I[T¢: (D)} (O + Ty - V) Bl 12 < C <l _y H(atJrTV'V)BHHk%

<clcly [l@+v-v) Bl IV =T VB .y ]

<ClCly ool oy + I9BY 4 VI

(3.16) ITe [Ty -V, 4D2)) Bl 2 < Clicllpoe IV e 1Bl
(317 T 0+ Ty - V(D.) B . < O

| 1Bl
Those commutators estimates prove that
(3.18) (01 + Ty - V) ((D2)°V + T((D2)* B) + Ta(D2)*¢ = f1,

where f; satisfies (3.11).

We now paralinearize the equation
(0 +V-V)( =GV +(Gn)B+7.
We use the paralinearization of the Dirichlet-Neumann (2.24) to get
(Or+Tv - V) =T\U + ho

with
ho=—(V —=Ty) - V{+[Te, TA]| B4+ R(n)V + (R(n)B + (¢ —T¢) TaB + .

From Theorem A.8, we get
IV =Tv)- Vel oy <CUVR 3 IV -
Theorem A.5 and simple estimates on the symbol A give
(319) 17 T Bl y < © (MBQOME ) + MYOMEN)) 1Bl
(3.20) < K(vall s 1Bl
Then with the estimates of Proposition 2.18 and the maximum principle (2.8), we have

IRV ey < K (IVIze + Il gy 19V v )

HoH3

24



and using paraproduct from Theorem A 8, a rough estimate of || R()B||;«, and the maximum
principle (2.8),

321)  ICROBI,. 3 <O (ICl,y 1ROBle + <l IROBI .y )
(3.22) < K (Il o3 1Bllgas= + 1Bl ) -
At last, we see thanks to the estimates of Theorem A.5 that

I~ T)BBIl, .y < K [Bllgas- Il .y -

Then as in the previous part, commuting the equation with (D,)* and using (3.4) yields (3.12).
U

In order to obtain a closed inequality system, we need an estimate of ||a(t) — g|| 4o} In terms of
the Sobolev norms of the unknowns 7,1, V, B. This is the object of the following proposition.

Proposition 3.4. The Taylor coefficient satisfies the estimates

lo =gl y <K [0l oy (14102 B)lgree ) + 10V B)llgpee 10 ey ]

and

||(L - gHHS—% < Ky Hn’wa V7B||HS+%><HS+%><HSXHS

Proof. The pressure is defined by
1 2 1 2
P=—{0+5[Vadl” + 5 (0y0)" + 9y |,
where ¢ is the harmonic extension of ¥. This means that P satisfies the elliptic equation

Am,yP = - |Vx2,y¢‘27

with P = 0 on the free surface ¥. We change variables using the transformation p from (2.4),
and set

pla,2) = ¢(x,p(z,2)), P(x,2) = P, p(z,2)) + gp(z, 2),

with )
a—g=———0,P
7 sz : z=0
The elliptic equation on P becomes
(3.23) O2P + alA,P + B - V,0,P — 70,P = —a |A%| for 2 < 0,
(3.24) P =gn on z =0,

where A = (A1, Ag) is defined in (2.7).

We first need to study the right-hand term of the equation. Since ¢ is harmonic, we recover
from Proposition 2.12 and the variational estimate of ||Vx,z<p||X_ 3 the inequality

(AR IS o T P T
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Now using the fact that (A? + A2)¢ = 0, we can recover estimates on 92 from estimates
on V;V; ., so that

182¢]| g < K [0l sy + 100 ey ]

At last, using the paraproduct rules, and the estimates on « from Lemma 2.11, we find

2
(3.25) H_O‘ [A%p| Hysf% <K [[A%| o {HHHHs% HAZSDHLOO([—LO];C;H T ”AQ‘PHXV%}

(3.26) <KV B)llgree (Il yery + 100y |

where HAQQOHLOO( has been estimated from ||A¢||; « using (A2 +A3)¢ = 0 once again.

[-1,0;C5 1)

For the version with a reference Sobolev index, we recall from the proof of Proposition 3.1
that if 0; is the harmonic extension of V;, and if 7; is its straightening by the diffeomorphism p
to the strip, then up to a harmless restriction of the interval J close to the boundary we have

[Va,z (i — Ai‘P)HXsf%(J) < Kol|(v, V. B)||

1 1 1.
HVY2xHS"2xH* 2

Also, we have from (2.16)
Ve, Till xeom1 < Ko [IV[[ s -

Combining those two results and doing the same for B and 0,¢ gives

HAQQOHXsfl < KO ||7’],1,ZJ,‘/,B”

1 1 .
HY2xHS Y2 xHsx Hs

At last, using paraproduct estimates, we gain

(3.27) H—a ‘A%pﬂ

< KO "777wa V)BH

1 1 1 .
ySs—3 H 2 xH Y2 xHsxHs

We then take from [4] the estimate

(3.28) 192221y < K Iy + 192

(3.29) < K (14 1V Bllase] [l + 196100 ]

A last application of the elliptic regularity of Proposition 2.12 gives the estimate

(330) 0PIy <K [l oy 0+ 10:Pl ) + |- |A%[7) Ly + 1927y

X°72
(3.31) < K [Inll vy (14 10V Bllas= ) + 10V B) g 14610

and a last use of the paraproduct gives the first result. The second one follows along the same
lines, using (2.16) and (3.27) instead. O

We can now perform a symmetrization of the system as follows

Proposition 3.5. We introduce the symbols

V:ZVG)H q::\/fa
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and the new vartable

05 1= TyCs.
Then we have the equations
oUs + Ty -VUs + T8 = F1,
(3.32) ' v g !
0i0s + Ty - VOs — T,Us = F,

where the source terms Fy and Fy satisfy
IRl < 5 [ (14 1901 ) (14102 Blese<) 1Bl

# (14 lal g+ (14 1B s) (141904 ) ) (1416 4)
(11 Bas) (14190l g ) 10l ey ]

and
IRl < & | (14190l y ) 1OV Bl

+ (14 (V. B)l s + 10+ V- Val e ) (14 1€,y )
S LA

+ (1l g + 19y ) 100

Proof. We have from the preceding system (3.10) that (3.32) is satisfied for
Fl = fl + (Tqu - Ta) CS:

Fy =T, fo + (T,Tx — Ty) Us — [Ty, 0 + Ty - V] s

Thanks to Lemma A.12, we have
_1 _1
1174, 0c +Tv - V] Gsll 2 < C My 2 () [Vl cree + Mo 2 (Orq + V- V) | IGsll,-1 -

It can be computed that
MO §(q> S Ka
and that
_1
My2(0g+V -Vq) <K+ ||0ia+V -Val ;e + |06V +V - VV| 1o0) -

A differentiation of the identity
(at + V- V)n =B

gives the estimate

10 +V - )0l oo < IV Bl poc + [VV o (V] oo
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so that

(3.33) |

(T3, 0+ Ty - V] Goll o < K (I, Bllgase + 0ua+ V- Vall o ) 16l -, -

The estimates of the other terms give respectively

17, = Tl < € [MEGIAM @)+ 25 )M 20l

N[

(3.34)
< & |1+ lal g + 19l g |10,y
_1 _1
T = T)0e < € [ M B ME) + My H@ ML) 100
(3.35)
<& |1+ Bl g + 1901,y | 1005,
and lastly
_1
s Tofell e < OMo @) 121,

<Klpl, ;-

This, together with the previous estimates, give the expected result.

The analogous result with the reference Sobolev index is

Proposition 3.6. The source terms Fy and Fs from the preceding proposition satisfy
IRlle < Ko | (14190 + 10 Bl ) 1V Bl
# (1 lall g + 190l ) (1)

# (1197 ) Wl |
and

IRl < Ko | (141900 ) I0V: Bl

+ (14 1V, B)lgas= + 1010+ V - Val e ) (141l )
10

(1l g+ 1901y ) 10002
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4 Estimates of the original unknowns

In order to obtain a closed system of energy estimates, we need a control of the norms
of n,v,V, B, in terms of lower order norms and of norms of Ug, 0;. The formers will then
be studied using transport equations on the various unknowns, and for the latters we will use
the paralinearized system of Proposition 3.5.

Proposition 4.1. There holds

1 yory < B (I10sllpz + 1¢sl 1) 5

-

IV Bl < K [+ 10 + (14l g ) DV oy
£V B gase (16505 + 1G]

and

6]y < B 1400052+ (14 Tl g ) IOV B0y

+ IV B)llgare (105 2 + NIGsll 1) + 191l 2

Proof. We start with the estimate on 7. Fist we remark that

9lleey < linll g2+ 1970y
<K (14 1G0,-1) -

since (s = (Dz)*Vn. We then construct and use a parametrix to go back from 6 = T,(, to (s.
If our € is small enough, typically 0 < ¢ < s —d/2 — 1, we choose N an integer such that
(N +1)e > 1/2, and we take R = I — T} ,,T,, keeping in mind that ¢ = \/a/A. Then

Cs = Tl/qTqCS + Rgs
=+ R+ +RY)Ty,TyC + RV

Then from the composition formula for paradifferential operators in Theorem A.5, we have

1 1 _1 1
1Bl g pree < C (Me (@ME(1/q) + M, 2(q)/\/lez(l/fz))
<K,
and from the definition of ¢, we see that
1
1 Tajqll,o -y < M3 (1/0) < K.

Those estimations put together give

1 yory < B (10522 + 1Csl 1) -

29



To simplify the equations, we worked with the unknown Uy = (Dy)*V + T¢(D,)*B. We first
show how to go back from this to U = V + T B. We have

(4.1) (D2)°U = Us + [(D4)*, T¢] B,

and Theorem A.5 gives

ND2)" Te) Bll > < 1Kl 1By -

Putting those two identities together gives

1Tz < Uil + 1Vl g 1By -

Then to get back to B from this, we take the divergence of U and use Proposition 3.2 to
link V and B and the paralinearization of the Dirichlet-Neumann (2.24), so that

divU =divIB
=GB+~ +TaveB+1;-VB
= TPB + R(U)B + TdiVCB + 7/7

where
pi=—-XA+1i(-E.
Now p is a symbol of order 1 and 1/p of order —1, with
(4.2) M (p) + M (1/p) < K |[Villl, -

Now we use a new parametrix from T, B to B, giving

B=T,,T,B+ (I -T,I,)B

(4.3) .
=Ty, divU — T,y + Ty (—Taive — R(n)) B+ (I —Ty,1,)B.

This gives, using (4.2), Proposition 3.2, Proposition 2.18, and the maximum principle 2.8,
1Bl < K (10 + 17 s + 190 1B o+ LROD Bl )
< (W0l (1l g ) IOV By + 1OV Bl )
which combined with the previous estimate on 7 gives the expected result. Using the relation

U=V+1T:B

gives the same estimation on V.

At last, we have the identity
Vi =V + BVn,

and the quantities in the right side have all been estimated, so that a tame estimate on BV
concludes the proof. O
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For the version with a reference Sobolev norm, we have a simpler proposition.

Proposition 4.2. There holds

1l yory < Ko ([16sllpz + 1<sl 1) 5

IV Bl e < Ko [[Ull g2 + 1V B .

and

161y < Ko 106l z2 + 1V B pocy | -
Proof. The first estimate is a simple consequence of the previous proposition and of our hy-
pothesis that K < Kj.

For the second one, we combine (4.1) and (4.3) to get
B =T, [div(D,) U, + /] + [T; (div(Dy)™* [(Da)*, Tt) = R(n) — Taiwe) + (I - T;Tp)] B,
P P P
=M + RB.

As before, this gives
B=(I+R+--+R")M+R""'B,

where again (N 4+ 1)e > 1/2 with 0 < e < sop — 1/2 — d/2. Then we see using Proposition 3.2
that
1Mo < Ko [Tl + 1V Bl my
We see using (4.2) and Proposition 2.18 that R is of order —e, with
1]l g s e < Ko

when s — % < o < s. This gives the estimate on B, and the estimates on V' and 1 are deduced
from it as in the previous proposition. [l

5 Energy estimates

We start with a standard energy estimate on the now symmetric quasilinear system (3.32).

Proposition 5.1. The following estimates hold punctually in time

d
G100 <5 (lall g + 1@+ V- Dl +Q (193] NV BN ) )

% (10, 002 + 1802 + UGl + 1V By )

(5.1)

where Q) is an explicit polynomial of degree 3, and

d
5y @ IC 0l <K (el g + 1@+ V- V)l + 190l g + V. By

% (10, 02 + 1002+ UGl + 1V By ) -

31



Proof. Multiplication of the equations by Us and 6, respectively, followed by integration in
space gives

d
a [HUSHLQ + ||03HL2] < A+ B+ C,
with
A= (Ty - VUs,U) + (T - V8, 0s)

B := <T7637 U5> - <T7U5)95> ’
C:= <F17Us> + <F2798> :

Now using Theorem A.5, we see that
Ty - V)" +(Tv - V)l o2 < ClIV oo s
and

I = T3l oy o

< OM3 (),
2

and the estimates on F} and F of Proposition 3.5 and Proposition 3.6 complete the proof. [

The next proposition exploits the transport equations available on the remaining variables to
close the system of estimates.

Proposition 5.2. With the same Q as in the previous proposition, there holds, for A = ||| 2,

A= |Gl or A= |[(V, B) o-1

d
A=< (lall g + 10+ v D)alle+Q (190 N0V B) s )

% (10, 02 + 1002 + UGl + 1V By )

and
d
A <Ko (el y + 1@+ V- V)l + 10l g + V. By

% (10, 002 + 1802 + UGl + 1V By ) -

We will need the following lemma on transport equations

Lemma 5.3. If 0 > 0, and if u solves
O+ V -V)u=f,

Then d
N lullpe S NV Iy llullge + 112

and

d g
3 e SV e lullge + 1V =Tv) - Vullgo + [(V = Tv) - {De)* Vull g2 + | fll o -
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Proof. The L? energy estimate is standard, and the Sobolev estimate follows from commuting
the equation with (D,)?, using the L? estimate, and observing that

1{D2)%, VIVull g2 <[[(D2)?, Tv] - Vul g2 + [[[{D2)?, V = Tv] - Vul 12
<IVlwree llull g + 11V = Tv) - Vul o + [[(V = Tv) - (D2) V| 2.

O

Proof of Proposition 5.2. First, from the equation on v and the definitions of V' and B we
have the transport equation

1 1
(O +V - V)= —gn+§V2+§B2.
The previous L? estimate and a simple tame estimate on the L? norms of V2 and B? give the
estimate on .
We then recall equation (3.3),
(O +V-V)( =G0V +(Gn)B +7,

and use the previous Sobolev estimate with ¢ = s — 1 to get

d .
37 ISz SV llwroe Il gros + 1V = Tv) - VGl o + [ (V = Tir) - (D)~ VC]| 12

HNGV g1 + Sl oo IG) Bll o1 + [[Cll o1 1G (1) Bll oo
+ vl g -

Using the parproduct rules from Theorem A.8 gives
[V =Tv) V(g < IIVCIIC*_% 1 ot

< Avall g Ve

and

|V = T0) - (Do 29¢]| s < KD 9C gaet IV
<19l [Vl

Cs
To estimate the Dirichlet-Neumann operators, we use Proposition 2.17, and ~ is estimated
using (3.4) or (3.5).
Recall also that B follows equation (3.1),

(04+V-V)B=a—g.

The Sobolev estimate gives

d
3 1Bl SIVIwre I1Bll,o-y + 11V =Tv) - VB

Hsf% HS™ Hsi%

+ ||V =7 (Do VB[ +lla =gl y
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and as for ¢, we have
IV =Tv)- VBl .-y <IVBllgee VIl .-
and

|v=10)- (DB < (D)

oh-sre IVl ge-g
< Bl VI, .y
a — g is estimated using Proposition 3.4.
At last V follows equation (3.2),

(O +V-V)V = —aC,

so we use the same bound for the commutator that we used for B and remark that

lacll oy S lla=gll oy Sz + (g + llallpee) [ICI -3

from which the proposition follows. O

6 Proof of the main results

The main theorems will follow as usual from the expression of the energy estimates. The one
with only Holder components is

Proposition 6.1. Let d > 1, s > 1+ d/2, and € > 0. Let (n,¢) be a solution of the
water-waves system (1.6) on [0,T] from theorem 1.1, and define V, B, h,a,c in the same way.
Then

(61) Oiltlg ”(TI? T/}, V B)( )HHS+%(Rd)XHS+%(Rd)XHS(Rd)XHS(Rd)

1 1
sr<T SUp 70 SUp 2. SUp [n(®llreee ety U (V2 B)W) et
0<¢<T I 0<t<T C 0< 0<t<T

T T
ey Oa+V -Va) )| oo rma dt, t ot
e /0 |(Gha+V - Va) (t)| o e, /0 0l g

T
[ 19008 1y [ BN Oy ).

with F a positive, strictly increasing function of each of its variable, depending only on d, s,

g, the bottom T', and on ]\no,wo,%,B0]]H§+§ (R xH § (R9) ¥ (RY) x H*(RA)”

Proof. We see from propositions 5.1 and 5.2 that if

A= [[Us; 05)ll g2 + 19l 2 + 1Sl g + 1V B -y
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and if
B:= (HaHC;} F0+V V) al o + Q (HV”HC% v, B)y\ciﬁ)) 7

*

with @ the polynomial of degree 3 of those propositions, then for all ¢ € [0, 77,

S A1) < K (1) x B(t) x At) < K x B(t) < A(),

where
K= sup K(t).
0<t<T

Using Gronwall’s lemma gives

sup A(t) < CA(0) exp ( /0 "B dt> .

0<t<T

Using Hélder inequality to bound

T
[ @ (ival g 1B ) a

gives
(6.2)
1
sup \A(t) S}"(T, SUp o, SUD -, Sup 1)l 1200wy s sup ||V, B)(E)|lyye.co(m)
0<t<T 0<t<T N 0<t<T € 0<t<T 0<t<T
T T
£,00 ) 8 +VV t oo dt,/ t 1 dt,
ol [ 10+ VT O sy s [ 0]

T T
L 19000 ey [ IV BN O e dt),

with F a positive, strictly increasing function of each of its variable, depending only on d,
s, €, the bottom I', and on A(0), which is easily seen to be controlled by the initial data

H7707 w()a %1 BOH

H 3 x BT 3 x Hox H3
The water-waves system 1.6 is Hamiltonian, and the Hamiltonian (1.7) controls the L? norm
of n, so that
sup [1n()lizz < lInoll .41
S0P, @z < lnoll os

Now to finish the proof of the estimate, we remark that for any v > 0 there exists a con-
stant C,, > 0 such that

3 dtel dte = HVE s Hs x Hs
CExCy, = xCy X Hs x

which, combined with Proposition 4.1 gives that ||(n,V, B)HHS*% Hewpgs 18 finite as soon as
XHSxHSs

the right side of (6.1) is bounded. O
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The energy estimate with reference Sobolev index is proved along the same lines, using the
corresponding estimates.

Proposition 6.2. Letd > 1, s >1+d/2, s> so>1/24+d/2 and sp —1/2 —d/2 > > 0.
Let (n,1) be a solution of the water-waves system (1.6) on [0,T] from theorem 1.1, and define
V,.B,h,a,c in the same way. Then

(63> 025121“ ” (777 d}7 ‘/’ B)(t) ||HS+% (Rd)XHS_F% (Rd)XHS (Rd)XHs(Rd)

1 1
Sf( 9 Sllp 7 Sup ) Sllp H(na

¥, V,B) (1| ! 3
b 9 s+ d s+ d s d s, dy?
ozt b omter € oeter H0+3 (R4 H0H 3 (RY)x Ho0 (R?) x H*0 (RY)

T

T
0 ol [ 10+ V- T Ol s [0y g

T T
IR AT ———y

with F a positive, strictly increasing function of each of its variable, depending only on d, s,

80, €, the bottom T, and on Hno,i/fo,VO,BOHHS+2 (R xH§ () H* (RY) x ¥ (RA)”

At last Theorem 1.4 is a consequence of the following proposition from [5],

Proposition 6.3 (Proposition 3.6 of [5]). For sp > 3/4+d/2, and 0 < e < sp —3/4 —d/2,
6.4) all_s 10 +V-V)al

<7 (It v.v.B) )] L lIll oo+ 1V B) e

H0+3 x 05 x H%0 sto) [
Proof. The estimate on ||aH 3 is proved in details in [5]. We will record here a proof of the
estimate on ||(0; +V - V) aHLOO First, observe that

(O +V-V)a= 0+ Vayd Vay) (~0,P)|,_,
== 0y (O + Vayd - Vay) P‘y:n — [0+ Vayd - Vay) 0y P|y:r]

The second term on the right hand side is

— (0 + Vay o - Vey) , 0y P|y:77 = Vi0y - Vo Ply=y + a§¢8yp|y:n
= aVn - Vp0ydly—n + alydly—p
=adivV,

where we have used that since P|,—, =0,
0= V(Ply=y) = (Vo P)ly=n + V(9 P)ly=y,
and that

divV = Apoly—yn + V1 - (VuOyd)|y=n-
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The proposition will then be proved once we have shown that

(65) Hay (81% + Va:,y(b . Vx,y) P”XS()?% S J_" (H(Thwv ‘/7 B) (t)”HSO+%XHSO+%XH50><H50> .

This is a consequence of the following elliptic equation
Aw,y (815 + vw,y‘iﬁ ’ Vx,y) P = (at + Vx,y(ﬁ ’ vﬂc,y) Afayp + [Aw,ya (81? + V:my‘b ’ Vw,y)] P
= — (0 + Vb Vi) | V2,0 +2V2 ,6- V2, P
= 92,0+ V2, (~0h0 — 5 |Veyof — gu) +2V2,6- V2, P
=4v;,¢- V2, P.

Now (6.5) follow along the same lines as in Proposition 3.4, using the regularity on P already
established in this proposition. O

A Paradifferential calculus

We review the fundamental results of Bony’s paradifferential calculus, introduced in [7], fol-
lowing Métivier presentation in [20].

A.1 Paradifferential operators

Definition A.1. Given p € [0,1] and m € R, F;"(Rd) denotes the space of locally bounded

functions a(z, £) on R x (R%\ 0), which are C°° with respect to £ for £ # 0 and such that, for
all @ € N and all £ # 0, the function z — Bg‘a(x, €) belongs to W (R?) and there exists a
constant C,, such that,

1
V|§’ 2 5’ Ha?a("g)HWp,oo(Rd) S Ca(l + |£Dm7|a‘

From a symbol a, we define the paradifferential operator T, by

—

Tou(e) = (2m)~ / X(€ = mma(€ — n )b (n)a(n) dn,

where @(0,€) = [ e~ @%a(z,£) dz is the Fourier transform of a with respect to the first variable.
x and 1 are two fixed C*° functions such that:

P(n) =0 for |n| <1, () =1 for [y >2,
and x(0,n) satisfies, for 0 < £; < g9 small,
x(0,m) =1 if |0 <eilnl,  x(0,n) =0 if [0]>e2]nl,

and such that
v(0,n) :

O5OX(0,m)| < Cap(1 4+ fyl) 12117,
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A.2 Symbolic calculus

In order to get quantitative results about operator norm estimates, we introduce the following
semi-norms

Definition A.2. For m € R, p € [0,1] and a € I'"(R), put

M@ = s sup (el magat €

-
lal<3d14p 1€>1/2 we.ee(R)

The natural spaces for paradifferential operators to act on are the following

Definition A.3 (Besov spaces). Consider a dyadic decomposition of the identity: T = A_; +
> aeo Ag. If s is any real number, we define the Besov class B,, q(Rd) as the space of functions
of tempered distributions u such that

1
P
lullg, = (Z 2Pk ||Aku|r’zq> < Fo0.

keN

S

We rename the space B3,

as the Zygmund space C}.
Remark. The space C2(R?) is the usual Holder space W*°(R?) if s > 0 is not an integer.
The space B§72(Rd) is the usual Sobolev space H*(R%).

We will mainly use the Sobolev and Zygmund cases.

Definition A.4. Let m € R. An operator T is said to be of order m if, for all 4 € R, it is
bounded from H* to H*~™ and from C¥ to CL™ ™, where the CL are the Zygmund spaces
defined in

We resume most of the calculus properties we will use in the following theorem.
Theorem A.5. Let m € R and p € [0, 1].

(i) If a € I‘g”(Rd), then T, is of order m. Moreover, for all u € R there exists a constant K
such that
1Tall gy prw—m < KM (@), |[Tall oo op-m < KMy (a).

(i) If a € F?(Rd),b € F;"/(Rd) then T,Ty — Tyup is of order m + m/ — p. Moreover, for
all p € R there exists a constant K such that

I T T — Tabll sy priem—mr o < KM (@) MY (b) + K M (@) M (b),
ITaTy = Tabll oo memrss < KM (@) MF" (b) + KM ()M (b).

(791) Let a € I‘T(Rd). Denote by (1,)* the adjoint operator of T, and by a the complex
conjugate of a. Then (T,)* —Tg is of order m—p. Moreover, for all u there exists a constant K
such that

I(Ta)" = Tall gy grw-mso < KM"(a),  [(Ta)" = Tall g cp-me < KM (a).
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In this article, we need to consider paradifferential operators with negative regularity. As a
consequence, we extend our previous definition.

Definition A.6. For m € R and p € (—o0,0), F;”(Rd) denotes the space of distribu-
tions a(x, ) on R x (R?\ 0), which are C* with respect to ¢ and such that, for all o € N9
and all £ # 0, the function z — J¢a(z, §) belongs to C?(R%) and there exists a constant Cl,
such that

W= 2 [|o8aC € < Call + 1™

Then f;”(Rd) denotes the subspace of F;"(Rd) which consists of symbols a(x,§) which are
homogeneous of degree m with respect to . For a € I']?, we define

MP(@)= s swp (1[I ogal €]
la|<34p+1 [€]21/2

CZ(RY)

A.3 Paraproducts and product rules

If @ = a(x) is a function of = only, the paradifferential operator T, is called a paraproduct.

Definition A.7. Given two functions a,b defined on R¢ we define the remainder

R(a,u) = au — Tou — Tya.

We record here various estimates about paraproducts (see chapter 2 in [6] or [10]).

Theorem A.8. 1. Leta,B € R. Ifa+ >0 then

(A1) 80, )5 gy < K ol gty Nl ey
(A.2) IR (@0l gy < K llall o Nl s -
(A.3) |1 R(a, U)”Ha+ﬁ(Rd) <K Ha”(Jg(Rd) H“HHB(Rd) :

2. Let m >0 and s € R. Then

(A.4) [Taull e < K llall g [[ull s
(A.5) 1Tl gro-m < K flallgom [l gs
(A.6) I Taullge-—m < K flallgm [[ullos
(A7) I Taulls < K lall oo [[ulles -

3. Let sg, 81,89 be such that sy < s9 and sy < s1 + 83 — g, then

[Taullgrso < K Nlall oy [l e -

We shall mainly use the following consequences
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Proposition A.9. Let uym,n € R, u,m,n >0 and m,n & N. Then

(A.8) lurugl g < K ([uillgon luzll gruen + luall gom lwll guem),
and
(A9) luruzllcr < K ([[uallgon [[uzllguen + luzllgom u ]l gosm)-

Recall from [4] the following

Proposition A.10. 1. Let s > d/2 and consider F € C®(CY) such that F(0) = 0. Then
there exists a non-decreasing function F: RT — R such that

IE@)l s < F>IUN o) 1U 115
for any U € H*(RHN.

2. Let s > 0 and consider F € C®(CN) such that F(0) = 0. Then there exists a non-
decreasing function F: Rt — R™T such that

IF@)les < FIUNl ) 1Tl
for any U € C3(RHN.
We also recall from [4] the following generalization of (A.5).
Proposition A.11. Let p< 0, m e R and a € F;" Then the operator T, is of order m — p:
Tl prs s prs-om—) < CM(a),

‘Ta‘Cf—)Cf7<m7p) S CM;/L(G‘)

We will also need the following commutator estimate between a paradifferential operator and
a convective derivative

Lemma A.12 (Lemma 2.16 of [4]). Let V € C°([0,T]; CLT*(RY)) and let p = p(t,z,€) be a
symbol homogeneous of order m € R in £. Then there exists C > 0 independent if p and V,
such that for any t € [0,T] and any u € C°([0,T; H™(RY)),

1Ty, 0 + Ty - V]u@)|l 12 gy

< C{ME@) IV O)lgree + ME @1p + V- I) ) m ety

A.4 Parabolic evolution equation

Given I C R, let I'*(1 x RY) be the set of symbols a(z, x, €) satisfying

M) =suwp  sup sup [|(1+ J¢) 0 ez, 0)| < +o0,
8 €l |a|<3ypy1 [€[>1/2 ¢ W (R)
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We need to study the parabolic evolution equation
Ow+Tyw=f, W= = wo,
with an elliptic symbol p € F;”(I X Rd), which means that

(A.10) p(z52,€) > el
for some positive constant c.

Define for ;1 € R the spaces

1

LE(I; HM(RY) N L2(1; H* 3 (RY),
LL(I; HY(RY) + L3(I; H* 3 (RY)).

XH(I)
Y*(I)

(A.11)

We will use the following proposition from [4].

Proposition A.13 (Proposition 2.18 of [4]). Let p € (0,1), J = [20,21] CR, p € F})(Rd x J)
with the assumption that
Rep(z;z,€) > cl¢],

for some positive constant c. Assume that w solves
Ow+Tyw=F, w,—;=uwp.

Then we have
[wllxr < K {{lwollgr + [[Flly+},

for some positive constant K depending only on r, p,c and M})(p).

In the following study, we will need the following Chemin-Lerner type of time-dependent
spaces. See for example [6].

Definition A.14. If s is any real number, and if 1 < p,¢,l < oo, we define the space
LY(I; Bgl(Rd)) as the space of tempered distributions u such that

T
Ik l
lellzz(rsg (mey) = <Z 2 ||Ak“||L§<I;Lq>) < too.
’ keN

For ¢ = | = 2, LE(I; B3,(R?)) = LE(I; H*(R%)). Also for ¢ = | = oo, LE(I; B, ,(R%)) =
L2(I; C5(R%). As can be seen for example in [6], we have

lullzerps ) < lullzegsps,) 2P, lullzerps ) = Nullzgsps ) <P

The paraproduct properties can be passed to the time dependent spaces as long as the expo-
nents respect the conditions for Holder inequality.

In the following, we will need the following Bernstein inequalities
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Lemma A.15. Let 1 < p < g < oo, € N%. Then it holds that

10°Spull 1o < C25G 04D | Spull,,  for k e N,

1_1
[Agull e < c2MG =t gqup 8’8AkuHL for k> 1.
18l=la ?

We will also use the following parabolic smoothing effect

Lemma A.16. Let k > 0 and p € [1,00]. Then there exists some ¢ > 0 such that for any
t>0,k>1, we have

e aga|, < e sl

L

where (Dy) = (I — Am)%

The proof is classical (see [6]).
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