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Abstract

We consider the gravity-capillary waves in any dimension and in fluid domains with
general bottoms. Using the paradiferential reduction established in [29], we prove Strichartz
estimates for solutions to this problem, at a low regularity level such that initially, the
velocity field can be non-Lipschitz up to the free surface. We then use those estimates to
solve the Cauchy problem at this level of regularity.

1 Introduction

1.1 Equations

The water waves problem is the study of the motion of an incompressible inviscid fluid,
lying above a fixed bottom and below an atmosphere, from which it is separated by a free
surface. At equilibrium, this surface is flat. As soon as one perturbs this equilibrium, the
surface will be put in motion by the combined action of gravity and surface tension.

The velocity of such a fluid will obey the classical Euler equations of fluid dynamics,
with the added difficulty of the moving surface. As such, the domain occupied by the fluid
will depend on the time at which it is observed. We thus consider the time-dependent
domain

Q={(t,z,y) € [0,T) x R* x R : (2,y) € U}
where each ; is a domain located underneath a free surface
S ={(z,y) x R x R:y = n(t,z)}

and above a fixed bottom I" = 99, \ ¥;. The physical dimensions are d = 1, 2. We make
the following important assumption on the domain: Assumption (H;)
Q) is the intersection of the half space

Q= {(z,y) x RYx R : y <n(t,z)}

and an open connected set Qo containing a fized strip around Xy, i.e., there exists h > 0
such that
{(z,y) x RYx Rqt,z) —h <y <t z)} C Qo
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This important hypothesis prevents the bottom from emerging, or even from coming
arbitrarily close to the free surface. The study of water waves without it is an open
problem.

It is customary in mathematics to simplify the problem further by supposing the
motion of the fluid to be irotational. This covers a large class of physical applications.
Now under this additional hypothesis, and if the domain is simply connected, the velocity
field v admits a potential ¢ : Q@ — R, i.e, v = V¢. An important observation by Zakharov
[44] is that the motion is then completely determined by the value of the elevation (¢, x)
and of the trace ¥(t,z) = ¢(t,z,n(t,x)) of the potential at the surface. We can then
find ¢ as the unique variational solution of

(L.1) Ap=0in €y, o(t,z,n(t,2)) =¥t x), Ondlr =0

Now following Craig and Sulem [17] to write a compact version of the equations, we
introduce the Dirichlet-Neumann operator

G = 1+ |Van)|? (g% ‘ Z)
= (au¢)(ta 37,77(?37 l‘)) - an(t,x) : (Vz¢)(t’xa 77(75’35))-

The water wave system can now be rewritten as the following so-called Zakharov-
Craig-Sulem system on (7,%) :

81577 = G(W)Q%
1 1(Van- -V + G 2
o+ gn— H(n) + §|Vaﬂ/)|2 - 5( 1 1 +T/}thl2<n)w) =0,

(1.2)

where H(n) is the mean curvature of the free surface:

=div 7V77
Hm = (W)

The vertical and horizontal components of the velocity will play an important role in the
analysis of system (1.2). These quantities can be expressed in terms of 1 and 1 as

Vaen - Ve + G(n)y
1+ |Ven2 7

(1.3) B =(v,)|s = V = (v2)|s = Vot — BV,

1.2 The problem

In the present paper and its companion [29], we aim to prove local existence for rough
data below the energy threshold, using the dispersive properties of this system. The local
existence of solutions for the water waves system has been extensively studied by many
authors, among them Nalimov [28], Yosihara [43]|, Coutand-Shkoller [15], Craig [16], Wu
[39, 40], Christodoulou-Lindblad [18], Lindblad[30], Lannes [26], Ming-Zhang [32] and for
the case with surface tension, in Beyer-Giinther [9], Ambrose-Masmoudi [7, 8], Shatah-
Zeng [33, 34, 35]. For the full system with gravity and surface tension, in terms of
regularity of data the result of Alazard, Burq and Zuily [2] reaches an important level:

d
(1.4) (0, o) € H* T2 (RY) x H*(RY), s> 24 .
Observe that by the formulas (1.3), this is the optimal Sobolev index to ensure that the
initial velocity field is Lipschitz up to the free surface, which is a quite natural criterion
for the flow of fluid particles to be well-defined, in terms of the Cauchy-Lipschitz theorem.



Now, let us look at the linearized around the rest state (n = 0,4 = 0) of (1.2), with g = 0.
It reads 5
8@ +i|D|? ® =0,

where ® = |D|% 1 + 4. This linear equation is dispersive (see paragraph 1.3 below),
and we expect the full system to exhibit dispersive properties as well. The consequences
of this dispersion for long time dynamics have been extensively studied in recent years,
starting from the works of Wu [41, 42|, by Germain-Masmoudi-Shatah [19, 20], Alazard-
Delort [5, 6], Ionescu-Pusateri [24, 25|, Hunter-Ifrim-Tataru [21], and Ifrim-Tataru [22, 23].

In this paper, we are interested in the consequences for short time and rough data, the
so-called Strichartz estimates. They are a family of local in time estimates improving the
Sobolev inequalities for a solution of the system, which can then be used to improve the
energy estimates and thus lead to well-posedness with less regularity for initial data. The
method to obtain such results for quasi-linear wave equations was developed by Bahouri
and Chemin [11] and by Tataru, notably in [37].

However, little is known about Strichartz estimates for water waves systems. In [14],
Christianson-Hur-Staffilani proved Strichartz estimate for 2D gravity-capillary waves un-
der another formulation. Then, Alazard-Burq-Zuily obtained in [3] such a result for
solutions to (1.2) at regularity (1.4). We want to improve this in two ways, by proving
Strichartz estimates :

(1) valid for 3D waves,
(2) that can be used to improve the threshold (1.4), for both 2D and 3D waves.

In fact, the method used in [3] relies on a reduction specific to the dimension d = 1,
so for (1) we need another method. On the other hand, for (2) one need to derive the
Strichartz estimates assuming that the solution is less regular than (1.4) and consequently,
the coefficients appearing in the equation are rougher. Such a program has been carried
out by Alazard, Burq and Zuily in [1] for the pure gravity case. In fact, we shall follow
here a similar approach, that is, proving dispersive estimates using semiclassical analysis.
The main novelty is that here, the equation has infinite speed of propagation, so that
we need to construct a parametrix in semiclassical time. Also, we use at the fullest the
regularity of the coefficients to expand the lifespan of this parametrix.

The first step in this program is to reduce system (1.2) to a single equation to which
the method for quasilinear equations can be applied. This uses paradifferential calculus,
whose notations and main features are recalled in Appendix 6. Specifically, we proved in
the companion paper [29] that assuming (7, 1) to be a solution of (1.2) satisfying condition
(H) for all times t € I = [0,T], such that

(n,9) € L®(I; H¥ 3 (RY) x H*(RY)) N LP(L; W2 (RY) x W (RY)),
where

3 d d 1
1. —+—,2 ——+-
(1.5) s>2 5 <r<s 5 T3

the system (1.2) can be rewritten as
(1.6) Ou+Ty - Vu+ 1T ,u = f,

where the principal symbol v is of order 3/2, real-valued; the sub-principal symbol w is
of order 1/2, complex-valued; the transport field V' is the horizontal part of the velocity
field at the free surface: V = (v, )|y and the remainder term f satisfies the following tame
estimate for a.e. t € I

1FOlze < F (1O ey 1O e ) [1+ 1Oy + 1O e -

3



In this article, we shall study equation (1.6) independently from its origin in the water
waves system, proving a priori Strichartz estimates for its solution. This will imply a priori
Strichartz estimates for the gravity-capillary waves system (1.2). We will then combine
them with the energy and contraction estimates and with a blow-up criterion, all proved
in [29], to solve the Cauchy problem at low regularity such that the initial velocity field
may fail to be Lipschitz (up to the surface).

1.3 Main results

Remark that the linearized system of (1.2) around the rest state (n = 0,v = 0)
when g = 0 reads

atn_ |Da:|1/] = 07
atw - AT] = 07

which can be written
8 ® +i|Dy|?® =0, with ® = |D,|21 + it

It classically follows from the explicit formula for the solution, Litlewood-Paley decompo-
sition, stationary phase and a TT* argument that

||(b||LpWS—%—Hoptw°° /S ||(I)|t=0||HS

with

ot =5, p=4 ifd=1
(17) {,U/pt gap 1 9
1

—eg, p=2 ifd>2.

Our first result states that the fully nonlinear gravity-capillary waves system (1.2) satisfies
a similar estimate to (1.7) with

3 3
= — _¢cifd=1 =— —¢cifd>2.
I 20 eifd , 0 eifd>

More precisely, we prove

Theorem 1.1. Let [ = [0,T], d > 1 and p > 1. Let V(t,z) : I x R¢ — R? be a vector
field and ~, w, wy be the symbols defined by (2.1). Consider

3 3
. J— = ] = 1 J— = ) > .
(1.8) u€<0,20>, p=4 ifd=1; uG(O, 10), p=2 ifd>2

Then for any o € R there exist k = k(d) € N and F : R — R non-decreasing such
that the following property holds:
if f e LP(I; Ho~ 30 (RY) and u € L (I; H*(R%)) satisfy
(O +Ty -V +iTyu)u=f,
then we have
(19) HUHLP(I;Wc'f%Jru(Rd)) S ‘F(T) |:||f||LP(I;H67%(Rd)) + ||UHL°°(I;H°'(Rd))i| ’
where Y is the sum of semi-norms of the coefficients, defined by (2.23) and (4.6):

T = V(1 e sy + Me()() + M) (1) + Ni)(D).



As a corollary, this will imply the corresponding Strichartz estimate for the water
waves equation. To be concise in the following statements let us define the quantities that
control the system:

Sobolev norms : M, = ||(77,1/))||Loo([07T];HC,+% X HoY’ Moo = [|(n0: Yo)ll ;o2 1o

Blow-up norm : Ny = H(n,w)HLl(w’T};WH%,MXWU,OO)a

Strichartz norm : Z, r = ||(77,1/))||Lp([0 T 5o oo’

Corollary 1.2. Let d > 1, h > 0 and (s,r) € R® such that

d d
§>24 - —p, 2<r<s——-+u,
2 2

with i and p as in (1.8). Then there exists a non-decreasing F : Rt — R™ such that for
all T € (0, 1], for all (n,v) smooth solution of (1.2) on [0,T] satisfying inf,cjo 7 dist(n(t),T') >
h, there holds

Z,(T) < F(TF (M(T) + Z,(T))).

In [29], we have established the following energy estimate, blow up criterion and con-
traction estimate.

Proposition 1.3 (|29, Theorem 1.1]). Letd > 1, h >0, p > 1 and (r,s) € R? such that

3 d 1 d
(1.10) s>§+§, 2<r<s+§—§.

Then there exists a non-negative, non-decreasing function F such that: for all T € (0,1]
and all (n,+) smooth solution to (1.2) on [0,T] satisfying inf,c(o ) dist(n(t),I') > h, there
holds

MS,T < ]:(MS,O +TF (MS,T + ZT,T)) .

Proposition 1.4 ([29, Theorem 1.2]). Let d > 1, h > 0 and indices

3+d< < L 2<r< +1 d
2 B S0 S 2, r So 2 2

Let T* = T*(no, vo, h) be the maximal time of existence and
(n.9) € L= (10,77); H*+4 x 1)

be the mazimal solution of (1.2) with prescribed data (ng, o) satisfying dist(ne,I") > h.
Then if T* is finite, we have

lim sup (M, (T) + N.(T')) = +oc.

T—T*

Proposition 1.5 ([29, Theorem 5.9|). Let p and p as in (1.8). Let (n;,%;), j = 1,2 be
two solutions to (1.2) on I =[0,T], 0 <T <1 such that

(mj,¥5) € L¥(I; HoF 2 (RY) x H*(RY)) N LP(I; W2 (RY) x WH(RY))
with
3 d

d
4= 2 — =4
8>2 ok <r<s 5 5

such that infcgo ) dist(n;(t),T') > h > 0. Set

Mg,T = H(nﬂ’ wj)‘|L°°([O,T];HS+% XHS)’ ZZ,T = ||(nJ’ wj)”Lp([O,T];WTJr%YOOXWT,OO)'



Consider the differences 0n := n1 — 12, 0% := 11 — Yo and their norms in Sobolev space
and Hdélder space:

Pr = (0n, 6¢)| 3, + [(6n, 69|

3 .
Loo(I;Hs—1xH®™2) Le(LWr—teox W™ 2:%)

Then there exists a mon-decreasing function F : RT x RT — R™T depending only on
d, v, s, h such that

Pr < ]:(Msl,TaMSQ,Tvzrl,T’ Z’IQ‘,T) ||(577a5¢)|t:0||H5,1st7% .

With the above ingredients we can prove our main theorem about the Cauchy problem.

Theorem 1.6. Let d > 1 and two real numbers r, s satisfying

3 .
Tolfd:].,

3 ifd > 2.

d
2<r<s—§+u, W=
10

Let (no,vo) € HT2 x H* be such that dist(no,T) > h > 0. Then there exists a time
T > 0 such that the Cauchy problem for (1.2) has a unique solution

(n,4) € L® ([0,T];Hs+% x Hs) nL? ([O,T]; W i WT»OO)
where p =4 when d =1 and p = 2 when d > 2. Moreover, we have
(n,%) € C° ([o,T];HS’+% x H) . Vs <s

and
inf dist(n(t),I") > h/2.
,anf dis (n(t),T) > h/
Remark 1. In view of the formulas (1.3), the initial velocity field in the Cauchy theory
1.6 may fail to be Lipschitz up to the free surface but it becomes Lipschitz at almost all
later time. This result is parallel to the result in [1] for pure gravity water waves.

The plan of the paper is as follows. First, we prove in Section 2 some reduction of the
problem, reducing it to a semiclassical equation. In Section 3, we construct a microlocal
parametrix for this equation. Then in Section 4, we use it to prove the Strichartz estimates.
The last part, Section 5, is devoted to the local existence of solutions. Some needed results
about paradiferential calculus are recalled in Appendix 6.
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2 Reductions of the system

2.1 Paradifferential reduction

First of all, we recall precisely the paradifferential reduction of the gravity-capillary system
(1.2) that we performed in [29], which requires the following symbols:



e Symbols of the Dirichlet-Neumann operator

AL = \/(1 + |Vn|2)|€2 = (V- 5)27

2
2@ = 1;'771)’7' {div (a<1>vn) +i0eAD . Va<1>}

with
1y _ AP +ivn ¢
« = ————
L+ |Vnf?

e Symbols of the mean-curvature operator:

@ ._ 24 (g2 - (Vn-8)° W .— Ly a0
0 i (L (TP (I = (e ) i =0 0

e Symbols used for symmetrization

1

0= (1+(Vam)?) 5, p=(1+(Van)?) " lel2 +p0 D),

where p(~2) = F(V,1,£)0%n, with |a| = 2 and F € C®(R x R\ {0}; C) is homo-
geneous of order —1/2 in &.

e Symbols in the symmetrized equation:

_ ViAW = <I£I (V"'5)2>4,

1+ |Vl

z<2 Re MO
2

(2.1)

w :7* 35 2))\

Theorem 2.1. Let s > % + g, 2<r<s— g —|—% and p € [1,00]. Suppose that (n,v) a
solution of (1.2) satisfying condition (Hy) for all timest € I and

(22)  (n.¢) € L2 H 3 (RY) x H*(RY)) N LP(I; W+ (RY) x W™ (RY)),
The complez-valued unknown u = Tpyn + T, (v — Tgn) then satisfies
(2.3) o+ Ty - Vu+iTyu = f —iT,u,

where for a.e. t € I,

@4) @l < F (110 gy 16Ol ) [1 10Oy eeg e + 16O e

As mentioned in the introductory section, we shall from now on consider (2.3) as an
independent equation with coefficients V, v, w, w; at the following regularity level

Ve (nwhe®)?) 0L (w=®Y7),
(2.5) .
neL® (I; WQ’OO(Rd)) N L (I; W%"”(Rd)) :

which is sufficient for the semi-norms appearing in Theorem 1.1.
We give here some preliminary informations on the principal symbol 7. Define

C/:{geRd:1/4§|§\§4}.



Lemma 2.2. 1. The symbol~ is in L>°(I; W1 S2)NLP(I; C3S%) and for all 3 € N¢,
there exists Fg : RT — R such that for allt € I, £ € C',

(2.6) [P0 .. < Fs V0Ol

(2.7) [Pt Ly < Fs V0@ ) [L+ 1900 5 ] -

2. There ezists an absolute constant Cq > 0 such that with co = Ca(1+(|Vn|| oo (1xra))
we have for allt € I, x € R, and £ € C/,

(2.8) |det Hesse (7) (¢, z,£)| > co.

Proof. The proof of part 1. is straightforward using product rules and Sobolev embedding.
For a proof of part 2., we refer to Corollary 4.7 in [1]. O

2.2 Localization in frequency

To prove our estimates, we will follow standard procedure: decomposing the solution
using Littlewood-Paley theory and using a parametrix and a TT* argument to derive
Strichartz estimates for those dyadic pieces. We will then bring the pieces back together
to derive a Strichartz estimate for the original solution. Standard definitions and notations
for the Littlewood-Paley decomposition are recalled in appendix 6. For j > 0, the dyadic
piece Aju verifies the equation

(29) (8t+zT7+TVV) AjU:Fj,
where
(210) Fj = AJF — ZAJ(TM’U,) + Z [Tfy, AJ] + [Tv, AJ] . V’LL

Recall that A;jAy = 0if [k—j| > 2. In the sequel, we shall always consider Aju for j large
enough, in particular j > 1 so the spectrum of Aju is always contained in the annulus

Ci={¢eR": 27 < ¢ <2/},

Thanks to the spectral localization of Aju we can replace the paradiferential operators
with pseudodifferential operators. Such a replacement for the transport term is harmless
due to the following lemma.

Lemma 2.3 (|1, Lemma 4.9]). We have
TV . VAJU = S]‘,3(V) . VAJU + Rju,

where R;ju has its spectrum contained in an annulus C(c12771,c2271) and satisfies the
following estimate

I Rjull o may < CNV oo ey 10l s ey
where the constant C > 0 is independent of u,V, j.
The preceding lemma was proved in [1] thanks to the special form of the symbol

V(x)¢. Here, for the highest order term, let us prove the following more general fact for
any paradifferential operator. Let a € I'*, r > 0 and define

(2.11) Vi€ Z, Sj(a)(x,§) =927 Dy)a(z,)

the spatial regularization of the symbol a, where v is given in the Littlewood-Paley de-
composition 6.1.



Proposition 2.4. For every j € N*, define
ToAju = Sj_3(a)(z, Dy)Aju + Riu.

Then the spectrum of R7u is contained in an annulus C(c12971,¢22711) and for every

1 € R we have the following norm estimate

1)

ju’|Hu—7n+r(Rd) < CM,ZR((J,) ||u||H#(R.d)
where the constant C > 0 is independent of a,u,j.

Remark 2. If a is homogeneous in £ then S;_sa is still homogeneous in . This remark
is important in the next part when we multiply both side of our equation by h3 to derive
a semi-classical equation.

Proof. Since o = 1 on the support of ¢; for any j > 1, we see that
Riu = T,Aju — S;_3(a)(x, Dy)o(De)Aju.

In the following proof, we shall use the presentation of Métivier [31] on pseudodifferential
and paradifferential operators. To be compatible with [31] we also abuse in notations:
by I'™ we denote the class of symbols a satisfying (6.1) for any ¢ € R? and by M{" the
semi-norm (6.2) where the suppremum is taken over ¢ € R<.

1. By definition (6.3) of the paradifferential operator T, we have Tp,v = Op(cg0)v
where Op(c,0) denotes the classical pseudodifferential operator with symbol

Ua(x7§)g(€) = X(Dmg)a(a"ag)g(f)

Hence Rju = Op(a;)u with

a;(x,8) = ga(x,£)e(§)e;(§) — Sj-s(a)(x, §)e(§)w;(E).
Now, we write
aj = (0a0p; — aop;) + (aop; — Sj-3(a)ep;) = aj +aj.
Applying Proposition 5.8(ii) in [31] gives aj € T¢"™" and (remark that (;); is bounded
in I'Y)
Mg ™" (aj) < CM™(a0p;) < CM"(ap).

On the other hand, if we denote b = agy then a3(z,£) = b(x,§) — ;_3(Da, E)b(, €).
Taking into account the fact that supp ¢; C B(0,C27) we may estimate

jaf (2, ) < D 1Ab, Ol < Y 27160, €)llyprre

k>j—2 k>j—2
< C277[b(, &) lyyrroe = C277" 05 ()] llal-, €)0(E) [l yyrrce
< CA+ )™ "M (ag), VEE€R™

By the same method for estimating |8?a?\ we obtain that ¢ € Tf'~" and hence a; € Tg'™";
moreover

My*"(a;) < CM;"(a0).
2. Property (6.5) implies in particular that

F2(0a)(1,€) = 0 for [n] > e2(1 + [£]),



here we denote §, the Fourier transform with respect the the patial variable z.
On the other hand, by definition of the smoothing operator

F2Sj—3(a)(@,€)e(€)p;(€) = v(27 9 n)Fea(n, £)o(£)p(277€)

which vanish if || > 1(1+(¢]). Indeed, if either [¢| > 2971 or |¢] < 297! then (277¢) = 0.
Considering 2971 < |¢] < 27+ then |n| > 1(14|¢]) > 2972 and thus (270 ~%)p) = 0. We
have proved the existence of 0 < € < 1 such that

(2.12) Sza;j(n,§) =0 for |n > e(1 + [£]).

3. By the spectral property (2.12) one can use the Bernstein inequalities (see Corollary

m—-r

4.1.7, [31]) to prove that a; is a pseudodifferential symbol in the class S7";". Then,
applying Theorem 4.3.5 in [31] we conclude that

HR‘I]‘U’HH“—WA—T(Rd) = ||Op(aj)uHHI‘r—‘m+7‘(Rd) S CMénir(a]) ||u||Hﬂ(Rd) :

Finally, the Fourier transform of Ru reads

SRIE) = [ Fala)€ = nnyitn) .

Using the spectral localization property (2.12) and the fact that §,(a;)(§ —n,n) contains
the factor ¢;(n) we conclude that the spectrum of Rgu is contained in an annulus of size

27 as claimed. O

Now we can use the preceding results to rewrite the equation as
(2.13) (9 +iS;-a(7)(@, Do) + S;—s(V) - V) Aju = F,
(2.14) F;=F; + R; +iR}.

2.3 Regularization of symbols

Now, following the classical method for quasilinear equations pioneered by Bahouri and
Chemin in [10] and [11], we further regularize the equation, using a parameter § € (0, 1).
By doing so, we aim to construct a parametrix with a regular enough phase to apply the
stationary phase argument. This results in a slightly worse remainder term, which will in
turn result in slightly worse Strichartz estimates. Eventually, we optimize in §.

Define for all (¢,z,£) € I x RYx R% and j >0,

Si-ms(N(t,2,€) = w27 Dy )y(t, 2, €)
and similarly S(;_3)5(V)(t,x). Let ¢ € C"”(R“l)7 with

1 1
Suppwlcc’={£:4ﬁlélé4}, wlzlonc”:={£:3§|§|§3},

so that it is 1 on the support of the Littlewood-Paley function ¢. Then, equation (2.13)
can be rewritten as

(215) LjAUj(t, CC) = (8,5 + S(lj_g)g(V) . V + iS(j_g)g(’}/) (1’, Dx)(pl(Qiij)) Aju = Fj§,

with
(2.16)
Fjs =i (S(j—3)57(x, Do) — Sj—s7(2, Dg)) Aju+ Ff + (Sj_3)5(V) — Sj-3(V)) - VAju.

The function ¢; has been inserted to keep into the operator the information about the
localization of its solution Aju.

Next, Lemma 2.2 shows that the Hessian in £ of v is non-degenerate and since Sj;5(7) is
a small perturbation of v when j large enough, we also have

10



Proposition 2.5. There exists cg > 0, jo € N, such that
|det Hesse (Sjs (7)) (£, 2, €)| = co,

forallte I, ze R €€l j> jo.

2.4 Semi-classical formulation

We now want to prove Strichartz estimates for the homogeneous version of equation
(2.15):
(217) Ljuj(t,x) =0.
To this end, we recast the problem in the semi-classical formalism with A = 277. One
need to write the pseudodifferential operators as functions of AD,. Since the highest order

operator is of order %, we will multiply the equation by h3. Let us consider the following
model operator

3
at + { |Dx| 2 )
which becomes X .
h20, +i|hD,|2 .
To give it the canonical form of a semi-classical equation, we need to put the equation in
. . . 1
the semi-classical time ¢ := h™2t. In our model, the operator would become

hdy +i|hDy|? .
Here, we have
h S(_3)s(V) (8,2, Dy)1 (277 Dy) = Sjs(v) (h2 0w, hDy) o1 (hDy,)

because of the homogeneity of the original symbol 7, which is conserved by its spatial
1
regularization. Next, for the change of temporal variable t = hz o we set

(2.18) wp(0,2) :=uj(hZo,x), Vi(o,z):= S s)s(V)(h%0,),
(2.19) (o, 2,€) = S(j—5)5(7) (h* 7,2, €)1(€),

(2.20) Li(0,2) := hdy + iTp(x, hDy) + h2Vj, - (AV,),

so that

(2.21) 13 (Lju)(h?o,x) = Lywy(o,),

and we want to establish Strichartz estimates for the semi-classical PDE

(222) Ehwh(a, CL‘) =0.

Symbolic calculus. To express the regularity of the symbols involved, we define
for £ € N and J a time interval, the quantities

Ni()(J) = ;kigg)ggg ’DﬁWHW;v‘”(Rd) )
(2.23) N e - o H
k(w)(J) mlzgkilel?&sgg W Lo (RS
The regularity of V is tracked under the norm
(2.24) E(J) := LP(J; Wh(R%))4.
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To simplify notations, let us set
Er(J) = Vg + Ne()(]).

Let us define now our symbol classes.

Definition 2.6. Let m € R, po € R", and a(o,2,£,h) a smooth function defined
onhzJxRYxC x (0, ho], with hg > 0 and smooth in the second and the third argument.
We say that a € Sﬂé(hféj) (resp. a € SL’(L) (h=2.J)) if there is a function F; : RT — R*
for every k € N (resp. k € N*), such that for all (o, 2,&,h) € h=2.J x R% x €' x (0, hol,

(225) DgD?CL(O’,I,f,h) S ]:k: (Ek-‘rl(‘])) h7n_‘04|llr07 |O[| + ‘/8| S k.
We need a result on composition of such symbols, whose proof is indeed the same as
that of Proposition 4.20, [1].
Proposition 2.7. If f is a symbol in S*(h™2.J) (respectively Sg”(h_%J)), with m € R,
and we are given two symbols U € S3(h™2.J) and V € S9(h~2.J), then
F(o,y,¢) = [ (0,U(0,y,¢), V(0,9,())
is in Sg”(h*%(]) (respectively Sg”(h’%J)),

Since n € L®(I, H*2(R%)) and V € L>®(I, H*(R?Y)) with s > 3 4+ ¢ we obtain by
using Bernstein inequalities that

1

Lemma 2.8. We have I',, VT, Vi, € S§(h™21).

Remark 3. Recall that C"” = {f cR?: % <¢ < 3}. In the semi-classical scale, Propo-

sition 2.5 translates as
(2.26) |det Hesse (I'y) (0, 2, &)| > co,

for (o,2,&,h) € h=21 x R x C” x (0, hg), for hg small enough, because ¢; =1 on C”.

2.5 Straightening the transport term

The semi-classical equation (2.22) is not perfectly adapted to the construction of a
parametrix, the reason being the term of order hz, which has to be taken into account
while constructing the phase. An easy way around this problem is to remark that this
is only a transport term, and can be straightened by going to the associated lagrangian
coordinates. Cousider the solution Xj(o;y) € R? of the differential equation

(2.27) {Xh(ff%w = h2Vi (o, Xa(079)),

Xn(05y) = v,

where y € R%. The vector field Vj, is in L°°(h~21; H*(R%))%, and

hVi (o, x)] < CVlpmirxrey: V(o,@) € h 31 x RY

Then (2.27) has a unique solution on h=z1. Moreover, we have the following estimates
on the flow (for the proof, see Proposition 4.10 in [1]).

12



Proposition 2.9. At fized o € h=%1, the map y — Xnp(oyy) is in C“(Rd;Rd), and
there exists functions F, Fo : RT — R such that

. aXh 1|z
0 |5 < F IVl [po]"
L()O
1
(i) D5 X0)(5 )| oo < Fa (IVll sy ) 201D [ Jaf > 2.
Corollary 2.10. IfT satisfies
(2.28) TF(Vlgm) <1

then for any o € h_%l, the map Xp(0) is a diffeomorphism from R to itself.

Proof. Proposition 2.9 shows that for 7' small enough as in (2.28),
is invertible. Also, we have

[ s

with 1/p’ 4+ 1/p = 1. Thus, the map X} (o) is proper. This enables us to conclude using
the Hadamard theorem.

S (o3y)

[N

| Xn(osy) —yl < h ds < TP HVHLP([oj],Loo(Rd)) )

Lo (R%)

O

We will always assume in what follows that the chosen T satisfies (2.28). The Strichatz
estimates for the original solution can be recovered by summing the ones for the short
time, the number of pieces depending only on the LYLS°-norms of V' appearing in the
final constant.

Now we have to compute how our semi-classical equation (2.22) gets affected by this
change of variables. The new unknown will be v, (0, y) := wp (0, Xp(0;y)). The important
quantity is A := (T (hD,)wp) (o, Xp(o;y)). Taking o, h,d as parameters, we have

(27h)~ // ) (X (y),n) w(z")dz’ dn.

Now we need to set

1
0X -1
Hi(o39,9) r=/ Tyh (s y+ (1= N)y) A\, Myu(oyy,y') = (HL (o39,9))
0

Mj(o5y) := ((%)T(U;yol, In(osy,y') = det(%?)(a;y’)

Proposition 2.9 shows that M and M? are well defined. Remark that M°(y) = M(y,y)
and that J(y,y) = 1. We now change variables in the expression of A, putting 2’ := X (/).
We will then use X (y) — X(y') = H(y,y')(y — y') and set n := M(y,y )¢ to get

(o59,9)] -

We have proved that

(2.29) A = (Tp(hDz)wp) (0, Xn(o5y)) = Phon(o,y),

13



where P, is a semi-classical pseudodifferential operator of amplitude

(2.30) pu(o.y,y', Q) =T (0, Xp(o3y), Mi(o5y,5")C) (o, 9/).
We define the symbol

(2.31) pr(0,y.C) = pnl0,y,y,¢) =T, (0, Xn(o59), Mp (03 y)C) -
We also set

(2.32) pr(0,9.C) = pn(0,y,y,¢) =T} (0, Xn(o3y), M (03 y)C) -
Let us write I, := [0, h219] and impose a constrain on 6:

(2.33) 0<o0< %

so that for all o € h_%lh one has

(2.34) ‘h%a

Proposition 2.11. For every k € N, there exists F, : Rt — R, such that
(235)  [DDEpu(o,,0)| < F (M) (D) + VL) [1 -+ B0

where o] + |8] < k, and (o,y,(,h) € h=21, x R% x €' x (0, ho].
Consequently, we have

(2.36) pn € SN2, and Vypy, € SAhTEIL).

Remark 4. Remark that Proposition 2.7 implies only the first assertion in (2.36). In the
construction of the phase of our parametrix below, to control the flow (see (3.6), (3.7))
we need to differentiate p twice in x and thus the first assertion in (2.36) implies only
2p € Sé_%(h% I;,) while with the second one, we have 92p € Sgé(hélh). Consequently,
the restriction ¢ < h% is sufficient instead of requiring o < h?%, This means that the
parametrix is constructed in a time of double length by virtue of the second one.

Proof. We will consider o € h=%I, and h € (0, hg) as parameters. Denote A, =
Nie()I) + IVl g(py- First, remark that we can use the identity

(5, ) 2w =1

and Proposition 2.9 to get
(2.37)

||M0(y) - IHLoo(Rd) < ‘F(”V”E) héa
1
hio|’

15 MOW)[| o gty < Fa IV ) 01 < Fa(IVIg) b0 for Jaf > 1.

Now D? p is a finite linear combination of terms of the form
(D T) (X (y), M°(y)C) - Pg|(M°(y)) := A- B,

where |3'| = ||, and where Pz (M°(y)) is a homogeneous polynomial of order |8] in the
coefficients of M°(y). Hence D;‘D? p is a finite linear combination of terms of the form

D;lA . D;QB, a1 +ag = a.
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Concerning B we use (2.37) to find

{ 1B| < Fr, (V)

(2.38) - S lels -
DBl < Fi (V) R if Jorg| > 1.

By the fact that 'y, € Sg(h‘%l) we see that if @ = 0 then |[AB| < Fi(||V||z). Considering
now |a| > 1. If oy = 0 then oz = o # 0 and thus by (2.38)

|A- 0y B| < Fi(|V|g)h* .

From now on, we assume |a;| > 1. By virtue of the Fad di Bruno formula, we see
that Dyj* A is a finite linear combination of terms of the form

T

C = (DeDl*'T) (X(), M°(y)) [T (D4 X(w)" (DM (5)Q)"

j=1

where 1 < |a] +[b] < |aal, [[j] > 1, 3755, (Ipj| + g5l =, 325y pj = a, 351 ¢5 = b-
We distinguish 2 cases corresponding to a = 0 or a # 0.
Case 1: |a| = 0. Then every p; is 0, and Z;Zl lgjl 1] = |aa] > 1, so that at least one

of the |g;| |I;] is non null. Then using the boundedness of D?,'HT (since T, € SO(h~21)),
estimates (2.37), and the fact that ¢ is bounded on the support of ¢1(M°(y)¢) and thus
of (D] **)T(X (y), M°(y)¢), we obtain

|C| < Fr(Ap)h® 0 Xi=allillasl — 7 (A )po—0leal,

On the other hand, (2.38) implies that [0y B| < Fr(|Vlg)h~ 129 Yay € N. Therefore,
we conclude in this case that

|C'- 022 B| < Fr(Ap)h 1210,

Case 2: |a| > 1. We use in this case V,I' € S, estimate (2.37), and Proposition 2.9 with
the remark above on the boundedness of ( to obtain

(DD ') (X (). M ()6) | < Fi(Ann (=7,

(D X )" | < Fu(anp~bmnieb,
‘(D;jMo(y)C)qf < ]:k(Ak)hflljllq]’\é.

These estimates imply |C| < Fi(Ax)h™ with
M = —(Ja| = 1)§ = > (131 = Dlpslo = > 1lla;16 = —(leu| = 1)8
j=1 j=1

and hence |C| < Fp,(Ag)h~(211=19  The second inequality in (2.38) then yields
|C'- 022 B| < Fr(Ag)h~ o179,
Summing up, we obtain in any case the desired estimate and complete the proof. O

We also have the following result, whose proof follows that of the preceding and is in
fact simpler.
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Proposition 2.12. For every k € N, there exists F, : Rt — R, such that
(239) | Dy Dy DL (0.,5', 0| < B (M) (D) + [V ) Bl

where |a1| + |O[2| + |ﬂ‘ < ka and (Uay7Cah) € hi%Ih X R’d x C' x (Oa ho]
Concerning the Hessian of the principal symbol, we derive the following result.

Proposition 2.13. There exist hg > 0 and cg > 0 such that
|det Hess¢ (pn) (0, y, Q)| = co,
for (o,y,¢,h) € h=21 x R% x C x (0, ho]. Here, recall that C = {C eR®: 1< < 2}.
Proof. The Hessians of p, and I'j, are conjugated by
0 T 0 0
Hessc(pn) (4 €) = (M°(y)) " Hess T (X (), M°(4)C)2°(v),

so the result follows from (2.37) and (2.26) for hg small enough. O

At last, the transport term disappears, since
(2.40) (h&,wh + h%Vh . (th)wh) (0, Xn(03y)) = hOsvp(o,y).
Now, using (2.29) and (2.40), the semi-classical equation (2.22) becomes
(2.41) (Lrwp) (0, Xn(o,y)) = (hOy +iPy) vp(o,y) =0

via the change of spatial variable vy, (o, y) := wp (0, Xp(0;y)).

3 Construction of the parametrix

We want to construct a parametrix for the operator hd, + i Py, (recall that the space-

time variables are (o,y)). To compensate for the loss in powers of h incurred while

differentiating our symbols, we will need to restrict ourselves to a small time interval
. . . . 1

depending on the frequency and the number of derivative used to regularize: o € h™2 [}, =

[0, h9].

We will look for a parametrix with the following Fourier integral operator form

(B1)  Keloy) = (n)™ // e @nlew =" 1)y (g, ) xa(n)o(y) dy’ d.
We will take ¢, to be a real valued phase such that
on(0,y,m) =y -1

and by, an amplitude of the form
~ 0
(3.2) bn(o,y.y',n) = bu(oy, m)y (;xl(o, y,m) — y’) ;

where b|,—o = x(1), x € C°(R*\ {0}) and ¢ € C°(R?) is such that ¢(z) = 1 if |2 < 1.
At last, x1 € C’;?O(Rd) is 1 on the support of x.
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3.1 Construction of the phase

As usual, the phase will be the solution of the eikonal equation associated with the prin-
cipal symbol of the operator,

8¢)h 8¢h _ _
(33) 80’ +ph (U’ZJ: ay ) - Oa ¢h(0ay777) =y-n.

We will solve this equation with the method of characteristics. Those are the solution of
the system

. 0

Y (0390, 7) = 22 (0, yn (03 0, 1) Cn (0390, m)) yn(0590,m) = Yo,
(3.4) _ o

Cnlosyo,m) = —aiyh (o, yn(390,m), Ch(o390,m)) 5 Ch(0;90,m) = 1.

This system has a unique solution on h=21I,. Now let us show that for fixed h,n, and o
this flow is a global diffeomorphism from R to itself.
We start by showing that the differential of this map is invertible. Taking h as a parameter,
denote by

m(o) == (0, y(o3 Y0, 1), C(0, Y0, M)

the flow-out of (0,yo,n). Differentiate (3.4) with respect to yo. Then at the point (yo,7),
there holds

gy . o oy, . o Ay o
55) 871/0(0)_ 8y6§<m(0))37y0(0)+87@(m(0))87% o), 87%(0)—Ida
' ¢ 0%p Oy 9%p ¢ a¢ 0

87/0 o) = _67y2(m(0))67y0 o) — 8C8y(m(0))87y0(0)’ 87yo< )=0.

This system is linear, of the form U(c) = M(o)U(c). Then, Proposition 2.11 and the
remark that follows it give

(3.6) 1M < F (No() (B2 00) + 1V -1, ) 57

When we integrate in time over h=2 I}, = [0, h%], we get

(3.7 [ 1) s < F (Nan 02+ IV, )

The Grénwall inequality then shows that ||U ()| is uniformly bounded on h~21I;,. Now
using (3.5) and noticing that the coefficients of the first equation involve only derivatives
of order 0 and 1 in y of p, we obtain by virtue of Proposition 2.11

5

Oyn .
(3.8) ‘%(Uayo,ﬁ) — Iy

_1
< F (NeO)WE0) + VI 1,0 ) B
Similarly, since the second equation in (3.5) has coefficients containing derivatives of p in
y up to order 2, we have
¢

(39 2 s < F (N2 + 1V

Yo E(h—%m) :

Now taking h small enough, (3.8) gives the invertibility of the matrix %(o;yo,n),

0
and since

lyn(o350,m) — ol < /0 |4 (s,50,m)| ds < f( 2(7)(h™ 7 1) + IIVIIE(h—%m) n
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for o € h_%lh, the map yo — yr(0,y0,7n) is proper. Therefore it is as announced a global
diffeomorphism, and we denote by kj, its inverse:

yn(0:90,m) =y < yo = knlosy,m).

Then we can define for hg small enough, for (h,o,y,n) € (0, hg] % (h_%lh> x R% x R?

the real-valued phase

(3.10) én(oy,mn) =y-n —/0 Ph (8,9, Ch (s:kn(s:9,m),m)) ds.

Proposition 3.1. The function ¢ defined in (3.10) solves the eikonal equation (3.3).

The proof of this proposition is standard (see for example [45], 10.2.2).
The map ¢ is C! in o and C™ in (y,n). We can study the Hessian of this phase in
the n variable, using our study of the symbol p.

Proposition 3.2. For hy small enough, there exists a constant My > 0 such that

|det Hess, (¢n) (0, y,m)| > Moo?,
foro e (h*%Ih) ,ye Ry neC andh e (0,h.

Proof. By differentiating the eikonal equation (3.3) twice with respect to 1, we find that

d 0
0o (877187]] ¢) = Z aCk 80 (07 Y, ajj) (ayk a"’]i (b)(ay, 8’7]’ ¢)

k,l=1

d )
Z 9¢,.p) (‘7 Y, ad)) (Oy, O, Oy, 0).
k=1

From the initial conditions of the eikonal equation, we obtain the values of the terms
at o = 0, so that

95(0n;0n; 0)|o=0 = —(9¢,0¢;p) (0,y,7m) ,
so that
On;0n; ¢ (a,9,m) = —(9¢,9¢;p) (0,y,m) 0 + 0(0).
Then using Proposition 2.13 and taking hy small enough, which means ¢ small, we can

conclude the proposition. O

Now we want estimates of higher orders for the phase and various related quantities.
We start by estimating the derivatives of the flow.

Proposition 3.3. There exists F : RT — R™ such that

Ay ’
I — < F 5

‘6y0 (a590,m) — Ia| < (N2 J(0A ) +HV”E(h’§Ih))h’

U— F(N TE) V- )

(3.11) Ao 0] = ’ " e
. dyn 1 b
‘an(o,yo,n) =7 (N2 )+ ”E(h‘%m)h’
%(U. )— 1 <F(/\/ w1V -3 )h6
an (73v0:m) ~ Lo < 2 E(h™21n)) 7
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for (h,s,y0,m) € (0, ho] x h=3l, x R x C'.
Moreover, for every k > 1 there exists Fy, : RT — R™T such that for (o, B) € N? x N4

{ | Dy Diyn(0)] < Fie(IV Il gg + Nesr (7)) 501,
D2 DECL(5)] < Fi (V1] + Niega (7)) 2010,

Consequently, _ . ] )
yn € SI(h721y), G € SYhT21I).

Proof. The first two estimates of (3.11) have already been proven in (3.8) and (3.9) .
Similarly, if we differentiate the characteristic system (3.4) with respect to n we obtain
the last two estimates of (3.11).

To prove estimates on higher order derivatives, we proceed by induction and Grénwall
inequality (see Proposition 4.21, [1]). O

We now deduce estimates on some quantities associated to the phase. Define

1
0
(312) eh(avyay/an) = / ayh (Ja Ay + (1 - A)ylan) dA.
0

Corollary 3.4. For every k > 1 there exists Fj, : RT — R such that for (o, B) €
N x N with || + 8] = k, (a1, 02, 8) € N x N x N? with |a| + |ao| + |B] = k.

(3.13) | Dy Dy kn(oy,m)| < Fi (Nk+1(7)(h7%1h) + ||V||E(h_%1h)) RO~ ledd

o 8¢h _1 — |8
(3.14) \DyDﬁ (%) @] < A (Wm0 ) 41V, g, ) 70
06

(3.15) ‘D;Dﬁ ( 3 ) (0,y,m)| < Fi (Nkﬂ(w)(h—%IhH VI,

1
h™21y)

(3.16)

)
) po—lals.
)

a1 Mo -1 — (| a
| D5 D52 D30u (0,9, )| £ Fie (Nia () (073 1) 4 [V, ) B ol ¥leaDs,

for all (hyo,y,y',m) € (0, ho] x (h_%lh> xR x R x (.

This means that Ky, € Sg, % S Sg, % € Sg.
Proof. The first estimate comes from the relation y(o; k(o;y,n),n) = y which by differ-
entiation gives

dy ay " dy an o
Now the case k = 1 follows from (3.11), and by differentiating k + 1 times and using an
induction we get (3.13).
From the definition of ¢ as a solution of the Hamilton-Jacobi equation associated to p,
we see that ¢ is a generating function for the Lagrangian surface

Oy Ok 7 dy Ok _ Oy

{(@:p(0)sy,C(osk(osy,m), )i wlosy,m)m) o € (A4 L (,m) € R
so that
0 0
(3.17) afj(a,ym) = ((o3k(o3y,m),m), a%(o,y,n) = r(o3y,m).
This immediately implies (3.15), and since ¢ € Sg, K € S"g and obviously n € 5’37 we can

use Proposition 2.7 to get (3.14).
At last (3.16) follows directly from the definition of # and from (3.14). O
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3.2 Construction of the amplitude

The first step in constructing the amplitude is to compute the expression

Jn(0, 9,y m) == e—ih”aﬁh(o,y,n)ph (eiiflm(o,y,n)g}; (U7y7y/7n)) )

This is a classical computation, identical to the one performed in [1], section 4.7.1. This
yields, taking h,o,%’,n as parameters, for all N € N*,

la]
J() =p(y,§j<y>)b<y>w<y>+ > e [(05) (v 20, 2) b)) |, )

1<|a|<N-1
+Un(y) + Rn(y) + Sn(y),

where ¥(y) = 1 (8‘” (o,y,m) — ) which has been defined in (3.2), and 6 has been defined

n (3.12). The first remainder contain all the terms where ¥ is differentiated at least once,

(3.18)
la N
UTD SR DI ) R (T [T L I 10}

Q.
1<]al<N -1 0<|Bl<]al-1

the second is the Taylor remainder due to the change of phase,

(3.19) R () = g [ €0 0.2 )B(0) dy

with
N
(20 1) / MNPy, 2, 1+ M0y, ) A,
\Oél N

and where k£ € CS° is 1 on the support of p(y, z, u + 0(z,2")), which is compact locally
in 1) because the phase is locally bounded in 7. The last one comes from this x term, and
it is

(3.20)
plel+18l
Sn(y) MNP R (1) fap (v, y + Ahp) dAdp,
|a<21; 1|B|ZN ol //
where

Jasy,2) = 02D [(955) (v, 2,0y, 2)) B(2)|

Now ¢ satisfies the eikonal equation (3.3), so that we have

(3.21) ='W (hd, +iP) (eih”m%(y))

|a] =1
L CER D S T [ R L N R 20

2=y
1<|a|<N -1

+ (hb0, ¥ + iUn) + iRN + 1SN

We want this to be O(hN*1). Let

|a]—1
(3.22) Ty:=0,b+i Y. ha! D2 [(97P) (y,2,0(y,2) b(2)]|_

zZ=Y
1<|al<N-1
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so that we want Ty = O(hY).

Writing
d
L:=0,+ Y ai(y)dy, +c(y),
i=1
where
(3.23)

ost) = @) (. 500 )

d d
c(y) = (0,,0,P) (yy gi(@) + 3 (99,0n,p) (y gj(@) (8y,04,0) (y),

i=1

we can rewrite (3.22) as

la]—1
(3.24) Ty =Lh(y)+i > h —— D2 [(09D) (y,2,0(y, 2)) b(2)] |
2<]al<N-1

z=y

For a fixed v satisfying
(3.25) O<v<1-9

we look for b under the form
N

(3.26) b=> h*b.

k=0
Inserting this ansatz into (3.24) gives, after a change of indices,

N
Ty =Y W™ Lbi(y)
k=0
N+1 h\a|7171/

+iy WD D2 [(97D) (v 2 0y, ) be-r ()] |
k=1

2<]a|<N -1

(3.27)

We take by as a solution of

,Cbo - 07
(3.28) {bo(n)|a=o = x(n),

where y € C°(R%\ {0}) is the Cauchy data needed for b.
Then we will recursively construct by, 1 < k < N as a solution of

, plol=1=v -
»Cbk - ijl =1 Z ] Dza [(ascp) (ya Z, g(yv Z)) bkfl(z)} ’z:y
(3.29) 2<jal<n-1 &

bi|o=o = 0.
Again, (3.28) and (3.29) are solved by the method of characteristics. First we study the
highest-order coefficients.
Lemma 3.5. For1<i<d, a; € SO(h~21I}).
Proof. We know from Proposition 2.11 and the remark that follows it that d,,p € SY.

From Corollary 3.4 we have that g—‘;: € Sg. Then, using Proposition 2.7 gives the lemma.
O
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Now consider the differential equation

From Lemma 3.5, a is bounded, so the system has a unique solution on h=21I,. Now we
remark that
da %p 0? P 9%¢

dy — Oyon ' on? oy
Thus, using Proposition 2.11 and noticing as in the proof of Corollary 3.4 that since g¢ =

C(k(y)), we can differentiate to get 3 o d’ 2 ‘9; which is bounded by (3.11) and (3.13),

T Oy
we find that g—z is bounded.
Proceeding as in the proof of Proposition 2.9, we differentiate the equation in y and
use Gronwall lemma to deduce that

’—Id <f(/\/z( )(h 2Ih)+HV||E<h*%Ih)) e,

so that the map y — Y (o;y,7) is a global diffeomorphism with inverse u(o;Y,n). Now
again differentiating the equation and using the Faa-di-Bruno formula, we can prove by
induction the following result.

Lemma 3.6. The functions Y and p both belong to S’g(h_%lh).
Now we see that

o ey @] = (G249, (@Y(0)) = ()0, Y (0)) + Fyoa (0. o)

so that the unique solution of (3.28) and (3.29) is

bo(o,y,m) = x(n) exp UC(S’Y(S;M(U,y,n),n)m) ds |,
(3.30) (/0 )

7 oo e(s" Y (" suloy.m).m)n) ds o

bj(gay7n) = j—1 (S?Y(S;u(aayan)an)7n) ds.
0

The main result in the construction of the amplitude is the following proposition on the
regularity of the b;s.

Proposition 3.7. The symbols b; are in SO(h=21).
Proof. Step 1. We start by showing that
(3.31) o3 e(s" Y (s sl y,m) m) m) ds” c Sg(h_%lh).

This will be a consequence of the simple remark that if a € S§* with m > 0, then e® € Sg.
So we need to show that

(3.32) | e Yt as' € S0 0)
First, from Lemma 3.6 we now that Y and p both belong to Sg, and then Proposition 2.7

implies that Y (s'; u(o,y,m),n) € Sg. Therefore, once again, by Proposition 2.7 we only
need to prove

(3.33) / (s’ y,m)ds’ € SYh31).
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(Recall (3.23) for the definition of c.)

From Corollary 3.4 we know that % € 59 and 327‘5 € S;°. On the other hand, one can
deduce from Proposition 2.11 that '

agp(yvn) € Sz?a (8y'877@(y7y777) € Sg
Then, by Proposition 2.7 we get

(02p)(y,0y0(y)) € S5, (9 9D)(y, v, yo(y)) € S5

and hence
(00 (y, 9y(y)) Do (y) € S5°.

Consequently,

/ (82;0)(5/,y,aygb(s',y))agqﬁ(s’,y) ds’ € SY, / 0y 0,P) (8", y,0y0(s',y),m) ds’ € S3.

With this, we get (3.32) and thus (3.31).
Step 2. We now need to prove that

(3.34) | B Y (st ds € S50 1),
0
We write for any 2 < |¢]| < N —1,

Gi-1(o,y,m) = W=7 DL [(04D) (0,9, 2,0(0,y, 2),m) b—1(2)] |

z=y '

Since Y € Sg, by Proposition 2.7 we see that to obtain (3.34) it suffices to prove that
for any A = (o, 8) with |a] 4+ |8| = k > 0 there holds

(335) DGy (s.m)| < Fi (N (N(B30) + V] ) s

E(h 21,

where DA = (Dy, Dﬁ ). Again, the Faa-di-Bruno formula implies that D*G;_; is a finite
linear combination of terms of the form K - Ky with

t|—1—v A L [Ree

Ky = hlt=1-vphi {D; [(04D) (0,9, 2,0y, 2),m)] Iz:y},

Ky = D" D2b;_1(0,y,7),
where A; = (o, £i), |A1]l+ |A2] = |A|, |e1| + |e2| = |¢|. By induction, there holds

|Ks| < Fi(...)p~Uazl+lzDd,
On the other hand, thanks to Proposition 2.12, we can deduce without any difficulty that
K| < Fi(o) =17 p=ealtlahs,

Consequently, |K; - Ko| < Fi(...)h™ where, since |¢| > 2,

M = [ef =1 —v—(laa +[ua])d = (|laa] +[e2])d = [¢[(1 =) =1 —v — a8

3.36
(3:36) >21-0)—-1—-v—Jald=1—v—25 —|a|d > =6 — |ald.

Therefore, we obtain (3.35). O

Remark 5. If instead of (3.26), one takes b of the usual form b = > h¥b, then a similar
computation shows that step 2 of the above proof does not work.
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In summary, we have proved that

Proposition 3.8. Let ¢y, be the solution to the eikonal equation (3.3) and b; € Sg(h’%lh)
given by the formula (3.30). We have

(3.37) e~ (hd, +iP) (eih’l%) = hTnT 4 hbd, ¥ 4 iUy + iRy + iSn.

with

h\a|—1—u

(3.38) Ty = in™+or  §° —— D2L(97P) (v,2,6(y, 2)) b (2)]|

2<|al<N-1

z=y’

and Uy, Ry, Sn given by (3.18), (3.19), (3.20) respectively.

Define the "error" of the parametrix to the exact solution as
(3.39) Ry (0,y) :== (h0y +iP) (Kv) (0,y) .

Then using the preceding proposition and our study of the phase ¢ and the amplitude
before, we can prove using the stationary phase method as in Proposition 4.31, [1] that
Kv defined in (3.1) is a good parametrix in the following sense

Proposition 3.9. Take My an integer. Then for any N € N, there exists a function Fy :
Rt — R" such that

sup || R (o, ')HHMU(Rd) < Fv WNe(n) +IVIIg) ¥ vll e -

0<o<h?

Remark 6. In Proposition 4.31, [1], ||v| L2 on the right hand side of the preceding estimate
is replaced by ||v||z1. Let us remark how to get ||v||, . as above. According to Lemma
4.33, [1] Ry, can be written as

Ry(o,y) = / Hy (0,3 )o(y')dy/

where the kernel Hy satisfies the following property: let kg > d be an integer then we
have for some p > 0

(3.40) sup (m(o,y.y' m))* | DY Hy(0,y,y/)| < Canh?N,
o€l0,h%],yeR,y €R|n|<C
with
m(o,y,y'sn) = 9yd(o,y.n) —y'.
We only need to bound R, in L2, the bounds for (95 Ry, in L? follow similarly. Now by
the Schur test it suffices to prove that

sup /IHh(y,y’)ldy < OnhPY, sup /IHh(y7y’)|dy’ < OnhPY
o€l0,h%],y’€R o€l0,h%],yeR
In view of (3.40) this reduces to

. / —ko pN
sup /<m(0,y7y ;) 0dy < Onho™,

o€[0,hl],y’ €R,|n|<C
sup /<m(0,y7y’,n)>_’“°dy’ < Cnh?N.

a€[0,h%],yeR,|n|<C

The first inequality was proved in Lemma 4.32, [1]. For the second one, the obvious
change of variables ¢’ — § := 0¢¢(0,y,n) — y' gives the conclusion.
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4 Strichartz estimates

We first derive Strichartz estimates for the semi-classical equation (2.41). If v) is the
initial datum for this equation, recall that the parametrix Kv} is defined by (3.1), where
¢ and b were constructed in the preceding section. The kernel of K is

2 —1 P . ~
Kh(O',y,y/) = (27Th)_d/elh (@n(oy.m)—y n)bh (U>y7y/777) Xl(n) d77»

so that
Ko) = /Kh(m v,y )od(y') dy'.
The parametrix K at time 0 is a good approximation of the initial value, as proved below.

Lemma 4.1. For any integer My greater than d/2, we have

(4.1) Kop(0,y) = vp(y) + ra(y),
(42> HthHMO(Rd) S ]:N( . )hN HU2HL2(Rd) ) VN S N

Proof. Keeping in mind the initial conditions imposed on ¢ and b, and the fact that v} is
localized in frequency, we have equation (4.1) with

(o) = ey~ [ [0 ) (L= Wy - ) o) d

Now for |8| < My, Dyﬂ r1(y) is a finite linear combination of terms of the form
1o // e WP ()W, (y — o )oh(y) dy d, 5] < 18],
where |y — 3’| > 1 on the support of Ws,. This is a convolution of v)(y') with
wy(Y) := h’d"ﬁl'/6ih_ly'"nﬂlx(n)%1(Y) dn

with |Y| > 1 on the support of ¥g,. This is an oscillating integral, and integrating by
parts with the vector field
1
= |Y|2 Z }/}anj

yields
wp(Y) = M1 /eih_ly'"(—L)M (7 x(m) W, (V) di.
Hence, the L' norm of wy, is bounded by Fps(...)hM =418l for all M € N, so that

for |8 < My,
[Dyral o < Far( RN loR]

This concludes the proof of (4.2). O

Now define 7}, the propagator of our (homogeneous) semi-classical equation, i.e.,

{(ha +iPy) (Tu(o,00)vs) (y) =0,
(Th(o0,00)vp) (y) = v (y),

where h € (0, hg] with hg small enough, 0 < |0 — 0| < h%, y € R? and ;g supported in C.
Then using the Duhamel formula and (3.39), (4.1) we can write

(4.3)

(4.4) Ti(o,00)v) = Kvj(o — 00) — Tn(0, 00)7h — / Tr(o, s)Rp(s)ds.
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By classical energy estimates, we have that 7y, is bounded on Sobolev spaces (and notably
on L?), uniformly in time. This, combined with Proposition 3.9, (4.2) and (4.4), gives

sup H’C’U%(O’)HLQ < F(...) Hv2HL2 .
0<o<h®

Thus to use the classical TT* argument and prove Strichartz estimates, we only need
to prove the following lemma.

Lemma 4.2. There holds for any 0 < o < h®,

da

_d
H’C(U)K*(U/)“gHLoo(Rd) SFER)h 2 |o—0'| 2 HU’gHLl(R"')’
where K* denotes the adjoint of KC.

Proof. Here we follow the proof of Theorem 10.8, [45]. The bound of the Lemma will be
implied by an L° bound on the kernel of K(o)K*(¢’), which is

1 i /
‘/V((j'7 g/’z,z) = W ‘//\/eﬁ(¢h(‘7,1a77)7¢h,(0' ’Z’C)fy'(TI*C))B dy dé’ d’l’}
™

where B € S9.
In the (y,() variables, ¢; is non-degenerate and it is stationary at ( = 7, y =
Ocon(o’, z,¢). Thus using stationary phase we get

1

VV(O'7 O'I,SC,Z) = W

/ 6)%(¢h(U,I,ﬂ)*‘j’h(al’z’n))B/ dy dg d77

where again B’ € SY.
Now the phase of this oscillating integral is

gg 1:¢h(0,$777) - ¢h(0/a Zﬂ?)
:(J - 0/)(ph(07$777) + O(|S| + |8/|)) + <5E —zZ,n+ UIF(U/»%%??))

where F is in S? with seminorms controled by F (Zj), and the constant of the O is also
of this form. The phase is stationary when

Ond = (I+0'0,F)(x — 2) + (t — 5)(Oypn + O(lo] + |o”])) =0,

and since for h small, ¢’ is small and thus (I + 0’0, F) is invertible, the phase can only
be stationary when  — z = O(o — ¢’). The Hessian is then

07 = (0 — ') (02pn(0,2,m) + O(lo| +|0”]).
Since aflph((), x,n) is non-singular, stationary phase gives for |0 — ¢'| > Ch that
_d
W(o,0',2,2)| < F(Ex) b2 |o =o' %,
and for |0 — o’| < Ch, it is easily seen that
W(o,o',2,2)] < F(E)h0 < F(E)h~ o —o'| ¢
also. This concludes the proof of the Lemma. O

Now the TT* argument (see Theorem 10.7, [45]) can be invoked to prove the Strichartz
estimates for the parametrix :
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Proposition 4.3. For any 2 <p < o0, 1 < q < oo such that
2 d d

p g 2
there is a monnegative nondecreasing function F such that for 0 < h < hy small enough,

there holds

10 oo 09yszameyy < FEON [l

This, Proposition 3.9, (4.2) and (4.4), the boundedness of T, on Sobolev spaces and
Sobolev embeddings give the same Strichartz estimates for (4.3).

®Y)

Corollary 4.4. For any 2 <p < o0, 1 <q < oo such that

there is a nonnegative nondecreasing function F such that for 0 < h < hg small enough,
1
for any o9 € h™21, there holds

0 =\p—% ||,,0
HﬂlvhHLP((UO,UO—FhJ);Lq(Rd)) < F(E)hr thHL2(Rd)'
Now, recall from (2.41) that with vy, (o,y) = wr(o, Xi(o,y)) there holds
(Lrwn) (0, Xn(0,y)) = (h0y + iPp) vn(o,y) = 0.

Denoting by Sp(0,00) the flow map of Lywy(o,2) = 0 we deduce immediately from
Corollary 4.4 the following estimates.

Corollary 4.5. Let x € C°(R%) be supported in C = {€:1<|¢ <2}, Take2 < p < oo,
1 < g < oo such that
2 . d d
p oq 2
There is a nonnegative nondecreasing function F such that for 0 < h < hy small enough,
1
for any oo € h™21, there holds with w§) := x(hDy)wo, for any L? function wy, that
0 = \i—L1 0
||Shwh||LP((a0,oo+h‘5);Lq(Rd)) < F(E)h™v ||whHL2(Rd)'
We are now in position to derive Strichartz estimates for the operator L;, whose flow
map is denoted by S;, using the relation (2.21):

wlw

h (Ljuj)(héo,a:) = Ly(o,x)wr (o, ), wp(o,z) = uj(héo,a:) h=277,

Theorem 4.6. Let I; = [to,to + 2‘j(5+%)]. There exist k € N, and jo € N such that for
any s € R and € > 0 there exist F,F. : Rt — R such that if we have

Lj’l,bj == O7
uj(to) = uj,

where u;, ug and Fjs5 are supported in the annulus C; = {§ : %Qj <¢ < CQj}, then there

exist k = k(d) and jo € N such that for j > jo, we have

0 ; —
1Ml r ety S F WG] ey A =1,
0 ; —
43l e g o 3o gy < Fe D 6]y =2
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We now glue together the Strichartz estimates in the preceding proposition to get
Strichartz estimates in the full time interval.

Corollary 4.7. Recall that I = [0,T]. Put ¢ = % + 9. There exist k € N, and jo € N
such that for any s € R and € > 0, there exist F, F. : RT — R such that if we have

{Lj’u]‘(t,l‘) = Fj (t,x),

(4.5) uj(to, ©) = uf(x),

where u;, u? and Fjs are supported in the annulus C; = {5 : %2j < < CQj}, then there
exist k = k(d) and jo € N such that for j > jo, there holds

Proof. Take a cut-off xy € C2°(0,2) equal to one on [4, 2]. Define for 0 < m < [2997] — 2
the interval [, := [m2%/, (m+2)27%7], and the associated cut-off x;j.m(t) := x (t—mT‘i )

2—<7
We have

-, (tm27
Lj(Xjmt;) = Xk Fjs + 25X ( 9—<j > ujs
with x;jmu(k27%7) = 0. Then applying Theorem 4.6 to x;xu; with the help of the
Duhamel formula, noticing that the flow maps S(¢,7) are bounded on Sobolev spaces
and Xjm =1 on ((m+ 1)2%, (m + 3)27%9), we find for d > 2
Ll(I,HS)>

,(t—m27<]

T )
< FE) (2792 15 s - ms2yz-oyarey + 1 e )

Then we multiply both sides by 2757/2 and use the fact that u; and Fjs are supported in

annulus to find

Huj HLz(((m+%)2—§j7(m+%)27§j)7ws7%+%75,00)

< F(Ek) (Fj6|L1((m2cj,(m+2)2w‘),Hs) +2¢7

<

”uj||L2(((m+%)27<j,(m+%)27<j)’ws’%*%’5’5’0")
< ]:(Ek) (HijsHLZ((mQ*w',(m+2)2*<1),H5*€) + 2¢9/2 ||Uj||Loo(1,Hs)) :

At last, elevating at the power 2 and summing back the pieces, and adding the control of
the first and last pieces using Theorem 4.6, we find the result as claimed.
The case d = 1 follows along the same lines. O

The next step is to derive Strichartz estimates for the non-regularized equation. For
these estimates, one need the following higher order semi-norm of ~

(4.6) Mi()(J) = Y sup

18I<k $€C'

)

D?’y‘

Lo (W2 ™ (R))

and we put

[

= Mi(N(J) + Ne()(J) + Ni(@)()) + VI gy -
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Corollary 4.8. There exists k € N, and jo € N such that for any s € R and € > 0 there
exist F, F. : Rt — R such that if we have
{(at +iT, + Ty - V) u; = F},

u;(0) = u,

(4.7)

where u;, u? and F; are supported in the annulus C; = {5 : éQj <€l < CQj}, then there
exist k = k(d) and jo € N such that for j > jg, we have

o ifd=1,
||u]‘||L4(I,WS*%+%-,OO(R)) g ‘F(Ek) (HFJHLAL(LHb*%(R)) + ||u]||L°°(I,H§(R))) )

o ifd>2,
43 g e 8- gy < Fo @) (IEla et gy + 183 e my)

for j > jo.

Proof. By (2.14), (2.15) and (2.16) we have that if u; is a solution of (4.7) then u; is also
a solution of (4.5) with

Fjg = Fj + Rj + ZR; + (S(j,g)g'y(x, Dm) — Sj_g’y(x, Dg;)) Aju + (S(j,g)g(V) — Sj_g(V)) . VA]'U
= Fj —|— ﬁj.

From Lemma 2.3 we have that R; and R;- are of order 0. On the other hand, with p =4
if d=1and p=2if d > 2, there holds

||(S(j—3)6(v) - Sj—3(v)) .vujHLP(]’Hsf(lfé)(Rd)) < HV”E(J) HujHLoo(LHs(Rd)) )
H(S(]—?))ﬁ(’}/) - Sj_?’(’Y))uj||LP(I,HS_%(1_‘”(R‘1)) S Mk’(’Y)(‘]) ||uj||L00(],HS(Rd)) .

Those are classical regularization results (See e.g. [38], Section 1.3).
We deduce that
||

Now, choosing § = % gives ¢ = %(1 — ) and then Corollary 4.7 concludes the proof. [

LP(]_’H‘ng(l*é)(Rd)) = f(Ek) ”uj”LOQ(LHS(Rd)) '

Finally, we prove our main theorem.
Proof of Theorem 1.1
Let u be as in the statement of the theorem, by (2.3) u is a solution of

Owu+iTyu+ Ty - Vu= f—il,u.
Then, by (2.9) Aju solves
(8t +’L'T»Y + Ty - V) Aju = Fj

with
Fji=Ajf —iAj(Tou) +i [Ty, AjJu+ +[Tv, Aj] - Vu.

Notice that F; has spectrum in C;. Applying the symbolic calculus Theorem 6.3 we deduce
that

14 (Te, )| < ONg(wi) [l oo (1,0

Le(IHS™3))
I Al g e < CNE) Tl ey -

1T, A7) Vel gragreyy < C IV g el e riprey
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Then we can use Corollary 4.8 on Aju to prove

1850 g et gy S F N+ IV 5) (e gy + 1l 10 ey
for 7 > jo, and using the bound

||Aju||L,,(Iywsfgw,oo(Rd)) <oP* ||“HLoo(1,Hs(Rd)) <cC ||u||Loo(1,Hs(Rd))

for j < jo, we finally obtain
—je .
[l g mece iy S D29 NGy e gy
j

which is bounded by the desired quantity.

5 Cauchy problem

We are now in position to derive the Cauchy theory announced in Theorem 1.6. Let

(m0,%0) € H*YZ x H®, s> 2‘%"’#
be the initial data such that dist(no,I') > h > 0. We regularize (19,9) to a sequence
(15, 1§) € H™ x H* converging to (1o, 1) in H*t2 x H*. Then we can choose a uniform
ho > 0 such that dist(n§,I") > ho. For each initial condition (7§, §) we know from the
local well-posedness theory in [2] that there exists a smooth solution (n®, 1) to (1.2) with
the maximal life time interval [0, 7). Applying our a priori estimate of Proposition 1.3
and the Strichartz estimate of Corollary 1.2 give for each € > 0

MSp+Z5p < Fng (MEg+T°F (MEp + Z5q)), VT €[0,T7), Ve > 0.

with obvious notations. Combining this estimate with the blow-up criterion in Proposition
1.4 one deduces by standard argument that there exists a time 7' > 0 uniformly in ¢ > 0
such that T} > T. Set I = [0,T]. By virtue of Proposition 1.5, the sequence (n°,¢*) is
Cauchy in

X328 = OO H TN (RY) x HETE(RY)) N LML W2 (RY) x W1 (RY))

and therefore converges strongly to some (7,1) in X*". On the other hand, this sequence
is bounded in

Y5 = () € L®(I; H*3 (RY) x H*(RY) N LP(I; W3 (RY) x WH®(RY)).

Therefore, it converges strongly to (1,1) in X5 for any s’ < s, ' < r and weakly to
(n,%) in Y™*. Consequently, one can pass to the limit in the system (1.2) as & — 0 to have
that (n,) is a distributional solution to (1.2). Here, we remark that the only nontrivial
point is to pass to the limit in the Dirichlet-Neumann operator G(. )., this is done for
example in [1], Corollary 5.16. Finally, by interpolation it holds that

(n,9) € CO(I; H* T2 (RY) x H* (RY), Vs <s,

which completes the proof of Theorem 1.6.
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6 Appendix

Definition 6.1. 1. (Littlewood-Paley decomposition) Let ¢ € C§°(R?) be such that
(@) =1 for 0] <1, (@) =0 for 0] > 2.
Then we define
Ur(0) = (2770) for k € Z, wo =10, and @ =tvp—Pr_1 fork>1

Given a temperate distribution u and an integer k in N we also introduce Sxu and Agu
by Sku = ¥ (D,)u and Apu = Sgu — Sp_1u for k > 1 and Agu = Spu. Then we have the
formal decomposition
u = Z Apu.
k=0

2. (Zygmund spaces) If s is any real number, we define the Zygmund class C¢(R%) as the
space of tempered distributions u such that

||uHC§ = sup 2% [|Agul| o < 400.
q20
3. (Hoélder spaces) For k € N, we denote by W#>°(R?) the usual Sobolev spaces. For

p=k+o,keN,o € (0,1) denote by W»>(R%) the space of functions whose derivatives
up to order k are bounded and uniformly Hélder continuous with exponent o.

Remark 7. When s € (0,00) \ N we have
O3B = W (RY)
For n € N we still have the following estimate
2121%)2% [Aqull o < C(n) [[ullyyn.oo -
Definition 6.2. 1. (Symbols) Given p € [0,00) and m € R, I'7'(R?) denotes the space

of locally bounded functions a(z, &) on R? x (R?\ 0), which are C* with respect to &
for £ # 0 and such that, for all @ € N? and all £ # 0, the function z 8§‘a(m,§) belongs

to W?>°(R?) and there exists a constant C,, such that,

1 o m—|«
(61) V|§| 2 ia Hag a(.7£)||Wp,oo(Rd) S Ooz(l + |£|) ! ‘
Let a € F;"(Rd), we define the semi-norm

(62  MPa)=  sw  sw [(+[E)mogal0)|

la|<d/2+1+p [€]21/2 Wesoo (R4)

2. (Paradifferential operators) Given a symbol a, we define the paradifferential operator T,
by

—

(6.3) Tou(€) = (2m)~° / X(€ = mm)al€ — n,m)e(myatn) dn,

where @(0,€) = [e~®%(x, &) dr is the Fourier transform of a with respect to the first
variable; x(6,n) is defined by

+oo

(6.4) X(0,m) = i) (n);
k=0

and p € C*(R?), 0 =0if |¢| <L and p=11if |¢| > 1.
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Remark 8. The cut-off function y has the following properties for some 0 < g1 < g5 < 1

(6.5) {X(va) =1, for |n| <er(1+18),

x(n,€) =0, for [n] = e(1 +[£).

Symbolic calculus for paradifferential operators is summarized in the following theorem
(see [31], [12]).

Theorem 6.3. (Symbolic calculus) Let m € R and p € [0, 00).
(i) If a € TP(RY), then T, is of order < m. Moreover, for all u € R there exists a
constant K such that

(6.6) I Tall s prn-m < KMg*(a).

it) If a € T (RY ,bGFm/ RY) with p > 0. Then TyTy, — Taps is of order < m +m' —
P p 14 # = P
where

afb := Z (Z!)aaga(m,f)ag‘b(x,f).

la|<p

Moreover, for all p € R there exists a constant K such that

6.7)  NTaTo — Tuzbll gy pimmrre < KM (@) M (b) + KM (a) M (b).

(7it) Let a € F;”(Rd) with p > 0. Denote by (T,)* the adjoint operator of T, and by @ the
complex conjugate of a. Then (T,)* — Ty« is of order < m — p where

1
* o YO —
a* = E 72.‘@'0[!35335&
lal<p

Moreover, for all p there exists a constant K such that

(6.8) (Ta)* = Tall gru s grin-m+o < KM (a).
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